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Hilton-Milner results in projective and affine spaces
Jozefien D’haeseleer∗
Abstract
In this article, we analyse maximal sets of k-spaces, in PG(n, q) and AG(n, q), n > 2k+t+2,
that pairwise meet in at least a t-space. It is known that for both PG(n, q) and AG(n, q),
the largest example is a t-pencil, i.e. the set of all k-spaces containing a fixed t-space (see
[9, Theorem 1] and [11, Theorem 1.4]). In this paper, we analyse the structure of the second
largest maximal example in both PG(n, q) and AG(n, q).
Keywords: t-intersecting family, projective spaces, affine spaces, Erdős-Ko-Rado sets, Hilton-
Milner sets.
MSC 2010 codes: 05B25, 51E20, 51E30.
1 Introduction
Before we start with the introduction, we would like to indicate how this paper came about. we
started investigating the Hilton-Milner problem in the affine context: we studied the second largest
examples of sets of affine k-spaces pairwise intersecting in at least a t-space in AG(n, q). Thanks to
Prof. Tamás Szőnyi, we received notes of David Ellis about the projective analogue of this problem
[7]. In these notes, he studied the second largest families of projective k-spaces, pairwise inter-
secting in at least a t-space in PG(n, q). These notes helped me to shorten my, affine, arguments.
Since these notes are not published, we integrate them in this article. The results that are mostly
influenced by the ideas in the notes of David Ellis are Lemma 4.4, Lemma 4.5, Lemma 4.6 and
Lemma 4.7.
While finishing the last details of this paper, the paper [3] appeared on Arxiv. In that paper, the
authors deduce similar results as ours in the vector space setting. It is worth noting that our results
were obtained independently, and our paper deals with both the affine and projective case at once.
A family of subsets that are pairwise intersecting, is called an Erdős-Ko-Rado set. The classi-
fication of the largest Erdős-Ko-Rado sets is called the Erdős-Ko-Rado problem, or EKR problem.
The investigation of EKR problems started in the context of set theory. The first question was to
determine the size of the largest sets of pairwise non-trivially intersecting subsets. In 1961, Erdős,
Ko and Rado solved this problem [8], and their result was improved by Wilson in 1984 [16].
Theorem 1.1. [16] Let n, k and t be positive integers and suppose that k ≥ t ≥ 1 and n ≥
(t + 1)(k − t + 1). If S is a family of subsets of size k in a set Ω, with |Ω| = n, such that the
elements of S pairwise intersect in at least t elements, then |S| ≤
(
n−t
k−t
)
.
Moreover, if n ≥ (t+1)(k− t+1)+1, then |S| =
(
n−t
k−t
)
if and only if S is the set of all the subsets
of size k through a fixed subset of Ω of size t.
Hilton and Milner [12] investigated the largest Erdős-Ko-Rado sets S with the property that
there is no point contained in all elements of S. The classification of the second largest Erdős-Ko-
Rado set is often called a Hilton-Milner result.
The Erdős-Ko-Rado and Hilton-Milner problem can be translated to many other settings such
as projective and affine geometries [6], permutation groups [10] and designs [14]. In this article, we
work in the projective and affine geometry setting, which is sometimes called a q-analogue setting.
We present the relevant results in Theorems 1.3 and 1.4, but we first briefly recall the definition
of q-ary Gaussian coefficient.
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Definition 1.2. Let q be a prime power, let n, k be non-negative integers with k ≤ n. The q-ary
Gaussian coefficient of n and k is defined by
[
n
k
]
q
=
{
(qn−1)···(qn−k+1−1)
(qk−1)···(q−1)
if k > 0
1 otherwise
We will write
[
n
k
]
, if the field size q is clear from the context. The number of k-spaces in
PG(n, q) is
[
n+1
k+1
]
and the number of k-spaces through a fixed t-space in PG(n, q), with 0 ≤ t ≤ k,
is
[
n−t
k−t
]
. Moreover, we will denote the number
[
n+1
1
]
by the symbol θn.
Frankl and Wilson proved the following Erdős-Ko-Rado result in finite projective spaces; they
classified the largest example of sets of k-spaces pairwise intersecting in at least a t-space. Here, the
set of subspaces through a fixed t-space will be called a t-pencil, and, in particular, a point-pencil
if t = 0.
Theorem 1.3. [9, Theorem 1] Let t and k be integers, with 0 ≤ t ≤ k. Let S be a set of k-spaces
in PG(n, q), pairwise intersecting in at least a t-space.
(i) If n ≥ 2k + 1, then |S| ≤
[
n−t
k−t
]
. Equality holds if and only if S is the set of all the k-spaces,
containing a fixed t-space of PG(n, q), or n = 2k+1 and S is the set of all the k-spaces in a
fixed (2k − t)-space.
(ii) If 2k − t ≤ n ≤ 2k, then |S| ≤
[
2k−t+1
k+1
]
. Equality holds if and only if S is the set of all the
k-spaces in a fixed (2k − t)-space.
Blokhuis et al, investigated the Hilton-Milner problem, and classified the second-largest maxi-
mal Erdős-Ko-Rado sets of subspaces in a finite projective space.
Theorem 1.4. [1, Theorem 1.3, Proposition 3.4] Let S be a maximal set of pairwise inter-
secting k-spaces in PG(n, q), with n ≥ 2k + 2, k ≥ 2 and q ≥ 3 (or n ≥ 2k + 4, k ≥ 2 and q = 2).
If S is not a point-pencil, then
|S| ≤
[
n
k
]
− qk(k+1)
[
n− k − 1
k
]
+ qk+1.
Moreover, if equality holds, then
(i) either S consists of all the k-spaces through a fixed point P, meeting a fixed (k + 1)-space σ,
with P ∈ σ, in a j-space, j ≥ 1, together with all the k-spaces in σ;
(ii) or else k = 2 and S is the set of all the planes meeting a fixed plane pi in at least a line.
In [11], Guo and Xu investigated the Erdős-Ko-Rado problem in affine spaces. They proved
that the largest t-intersecting family of k-spaces in AG(n, q), n ≥ 2k + t + 2, is the set of all
k-spaces through a fixed t-space. In Section 5, we give a shorter proof for their result and improve
their bound on n to n ≥ 2k + 1. For t = 0, the second largest t-intersecting set of k-spaces in
AG(n, q) was already described in [4]. The main goal in this article is to describe the second largest
Erdős-Ko-Rado sets for t > 0, for both PG(n, q) and AG(n, q).
In many cases, we will use counting arguments to find the classification results. For this, we
will often use the following lemma.
Lemma 1.5 ([15, Section 170]). The number of j-spaces disjoint from a fixed m-space in PG(n, q)
equals q(m+1)(j+1)
[
n−m
j+1
]
.
In Section 2 and in Section 3, we give two examples of maximal sets of k-spaces in PG(n, q)
and AG(n, q) respectively, pairwise intersecting in at least a t-space, which are not t-pencils. In
Section 4, we prove, the Hilton-Milner results: for k > 2t + 2, Example 2.1 and for k ≤ 2t + 2,
Example 2.3 is the second largest example of k-spaces in PG(n, q), pairwise meeting in at least a
t-space. For k > 2t+1, Example 3.1 and for k ≤ 2t+1, Example 3.3 is the second largest example
of k-spaces in AG(n, q), pairwise meeting in at least a t-space. In both cases we suppose that q ≥ 4
and n > 2k + t+ 2, or q = 3 and n > 2k + t+ 3.
2
2 Two examples in PG(n, q)
We start by giving two examples of maximal sets of k-spaces in PG(n, q), pairwise meeting in at
least a t-space. Note that for n ≤ 2k−t, all projective k-spaces in PG(n, q) are pairwise intersecting
in at least a t-space. Hence, we may suppose that n > 2k − t.
Example 2.1. Let δ be a t-space, t < k, in PG(n, q), n > 2k−t, and let pi be a k-space in PG(n, q)
with dim(pi ∩ δ) = t− 1. Let S1 be the set of all k-spaces in 〈pi, δ〉. Let S2 be the set of all k-spaces
through δ and meeting 〈pi, δ〉 in at least a (t+ 1)-space. Let S be the union of the sets S1 and S2.
Lemma 2.2. The set S, described in Example 2.1, is a maximal set of k-spaces in PG(n, q),
n > 2k − t, pairwise intersecting in at least a t-space, of size
|S| = θk+1 − θk−t +
[
n− t
k − t
]
− q(k−t+1)(k−t)
[
n− k − 1
k − t
]
= θk+1 +
k−t−2∑
j=0
[
k − t+ 1
j + 1
]
q(k−t−j)(k−t−j−1)
[
n− k − 1
k − t− j − 1
]
.
Proof. We start with determining the size of S. Note first that the number of elements of S1 \ S2
is equal to the number of k-spaces in the (k+ 1)-space 〈pi, δ〉, not containing δ. Hence, |S1 \ S2| =
θk+1 − θk−t.
Let σ0 be a projective (k − t)-space in pi \ δ. An element of S2 has at least a point in common
with σ0. Hence, |S2| is the number of k-spaces through δ, minus the number of k-spaces through
δ, disjoint from σ0. By investigating the quotient space of δ, and due to Lemma 1.5, we have that
|S2| =
[
n−t
k−t
]
− q(k−t+1)(k−t)
[
n−k−1
k−t
]
. Hence
|S| = θk+1 − θk−t +
[
n− t
k − t
]
− q(k−t+1)(k−t)
[
n− k − 1
k − t
]
. (1)
On the other hand, there also holds that |S| = θk+1 +
∑k−t−2
j=0 Qj(n, k, t), with Qj(n, k, t) =
|{β ∈ S2|β * 〈pi, δ〉, dim(β ∩σ0) = j}|. Note that the first term is the number of k-spaces in 〈pi, δ〉.
Since there are
[
k−t+1
j+1
]
j-spaces in σ0, and by using Lemma 1.5, we find that
|S| = θk+1 +
k−t−2∑
j=0
[
k − t+ 1
j + 1
]
q(k−t−j)(k−t−j−1)
[
n− k − 1
k − t− j − 1
]
. (2)
It is clear that all elements of S2 pairwise meet in at least the t-space δ. Every two elements
of S1 meet in a (k − 1)-space, since they are contained in a (k + 1)-space. Note that k − 1 ≥ t.
Consider now a k-space pi1 in S1 and a k-space pi2 in S2. Note that pi1 ⊂ 〈pi, δ〉, and pi2 meets 〈pi, δ〉
in at least a (t + 1)-space. Again, due to the Grassmann dimension property, it follows that they
meet in at least a t-space.
Now we prove that S cannot be extended to a larger set of k-spaces pairwise intersecting in
at least a t-space. Suppose that α /∈ S is a k-space that meets every element of S in at least a
t-space. If δ ⊂ α, then, since α /∈ S, α meets 〈pi, δ〉 only in δ. Hence, α meets pi in a (t− 1)-space,
which is a contradiction. This implies that we can suppose that δ * α. So, α meets δ in a d-space
with d ≤ t − 1. Note that dim(α ∩ 〈pi, δ〉) ≥ t + 1 since α meets all elements of S1 in at least a
t-space. For every point P ∈ σ0, consider the set SP of elements of S that meet 〈pi, δ〉 in 〈δ, P 〉. If
dim(α∩〈δ, P 〉) < t, then α must meet all elements of SP in a subspace outside of 〈pi, δ〉. This gives
a contradiction since n > 2k − t. Hence, dim(α ∩ 〈δ, P 〉) = t for all points P ∈ σ0. This implies
that dim(α ∩ δ) = t − 1, and α must have a t-space in comon with all (t + 1)-spaces 〈δ, P 〉 with
P ∈ σ0. Hence, α ∈ 〈pi, δ〉, and so α ∈ S1, a contradiction.
Example 2.3. Suppose k > t and let Γ be a (t + 2)-space in PG(n, q), n > 2k − t. Let S be the
set of all k-spaces in PG(n, q), meeting Γ in at least a (t+ 1)-space.
Lemma 2.4. The set S, described in Example 2.3, is a maximal set of k-spaces in PG(n, q),
pairwise intersecting in at least a t-space, of size
|S| =
[
n− t− 2
k − t− 2
](
1 + θt+2q
k−t−1 q
n−k − 1
qk−t−1 − 1
)
.
3
Proof. The number of elements in S is the number of k-spaces through Γ, together with the number
of k-spaces, meeting Γ in a (t+ 1)-space:
|S| =
[
n− t− 2
k − t− 2
]
+ θt+2 ·
([
n− t− 1
k − t− 1
]
−
[
n− t− 2
k − t− 2
])
=
[
n− t− 2
k − t− 2
](
1 + θt+2q
k−t−1 q
n−k − 1
qk−t−1 − 1
)
.
Consider two elements pi1, pi2 ∈ S. Then pi1 ∩ Γ and pi2 ∩ Γ are two subspaces with dimension
at least t+ 1 in a (t+ 2)-space, and so, they meet in at least a t-space.
Now we prove that S cannot be extended to a larger set of k-spaces pairwise intersecting in
at least a t-space. Suppose that α /∈ S is a k-space that meets every element of S in at least a
t-space. Since α /∈ S, we know that dim(α ∩ Γ) ≤ t. Let γ be a (t + 1)-space in Γ such that
dim(α∩ Γ∩ γ) ≤ t− 1. Then α must meet all elements of S through γ in a subspace outside of Γ.
For n > 2k − t, this is not possible. Hence, S cannot be extended.
Remark 2.5. Note that for k = t+ 1, Example 2.1 and Example 2.3 coincide. In that case, S is
the set of all (t+ 1)-spaces in a fixed (t+ 2)-space in PG(n, q).
3 Two examples in AG(n, q)
We also give two examples of maximal sets of k-spaces in AG(n, q), pairwise meeting in at least a
t-space. In Section 4, we prove that the largest non-trivial sets of k-spaces, pairwise meeting in at
least a t-space, in AG(n, q) are given by Example 3.1 or Example 3.3. If k > 2t+ 1, Example 3.1
is the largest set, whereas if k ≤ 2t+ 1, Example 3.3 is the largest one.
From now on, for an affine subspace α we denote the projective extension of α by α˜, and let
H∞ = PG(n, q) \ AG(n, q) be the hyperplane at infinity. Similarly, if S is a set of affine spaces,
then we denote the corresponding set of projective spaces by S˜.
Let S be a set of k-spaces in AG(n, q) with the property that for every two elements pi1, pi2 ∈ S,
p˜i1 ∩H∞ 6= p˜i2 ∩H∞. Then we find, for n ≤ 2k− t, that S is a set of k-spaces pairwise intersecting
in at least an affine t-space. Hence, we suppose from now on, that n > 2k − t.
Example 3.1. Let δ be a t-space, t < k, in AG(n, q), and let pi be a k-space in AG(n, q) with
pi∩ δ an affine (t− 1)-space. Let S1 be a maximal set of affine k-spaces in 〈pi, δ〉, including pi, such
that for any two elements pi1, pi2 of S1, p˜i1 ∩ H∞ 6= p˜i2 ∩ H∞, and such that for every pi1 ∈ S1:
δ˜∩H∞ * p˜i1. Let S2 be the set of all k-spaces through δ and meeting 〈pi, δ〉 in at least a (t+1)-space.
Let S be the union of the sets S1 and S2.
Lemma 3.2. The set S, described in Example 3.1, is a maximal set of k-spaces in AG(n, q),
n > 2k − t, pairwise intersecting in at least a t-space, of size
|S| = θk − θk−t +
[
n− t
k − t
]
− q(k−t+1)(k−t)
[
n− k − 1
k − t
]
(3)
= θk +
k−t−2∑
j=0
[
k − t+ 1
j + 1
]
q(k−t−j)(k−t−j−1)
[
n− k − 1
k − t− j − 1
]
. (4)
Proof. We start with determining the size of S. Note first that the number of elements of S1 is
equal to the number of (k−1)-spaces in H∞∩〈pi, δ〉, not containing δ∩H∞. Hence, |S1| = θk−θk−t.
Let σ˜0 be a projective (k− t)-space in p˜i\ δ˜. An extended element of S2 to PG(n, q), has at least
a point in common with σ˜0. Hence, |S2| is the number of projective k-spaces through δ, minus the
number of k-spaces through δ, disjoint to σ˜0. By investigating the quotient space of δ˜∩ p˜i, and due
to Lemma 1.5, we have that |S2| =
[
n−t
k−t
]
− q(k−t+1)(k−t)
[
n−k−1
k−t
]
. Hence,
|S| = θk − θk−t +
[
n− t
k − t
]
− q(k−t+1)(k−t)
[
n− k − 1
k − t
]
(5)
On the other hand, we find that |S| = θk +
∑k−t−2
j=0 Qj(n, k, t), with Qj(n, k, t) = {β ∈ S2|β *
〈pi, δ〉, δ ⊂ β, dim(β∩ (pi \ δ)) = j}. Note that the first term is the number of k-spaces in 〈pi, δ〉 such
that any two of these elements meet in an affine (k − 1)-space. Since there are
[
k−t+1
j+1
]
j-spaces in
pi \ δ, and by using Lemma 1.5, we find that
|S| = θk +
k−t−2∑
j=0
[
k − t+ 1
j + 1
]
q(k−t−j)(k−t−j−1)
[
n− k − 1
k − t− j − 1
]
. (6)
It is clear that all elements of S2 pairwise meet in at least a t-space (δ). Consider now two
elements pi1, pi2 ∈ S1. It follows, from the Grassmann dimension property, that p˜i1 ∩ p˜i2 is a (k− 1)-
space in the (k + 1)-space 〈p˜i, δ˜〉. This (k − 1)-space is not contained in H∞ by the definition of
S1. Consider now a k-space pi1 in S1 and a k-space pi3 in S2. Note that p˜i1 ⊂ 〈p˜i, δ˜〉, and p˜i3 meets
〈p˜i, δ˜〉 in at least a (t+ 1)-space. Again, due to the Grassmann dimension property, it follows that
p˜i1 ∩ p˜i3 is at least a t-space in 〈p˜i, δ˜〉. This t-space is not contained in H∞ as p˜i1 does not contain
δ˜ ∩H∞.
Now we prove that S cannot be extended to a larger set of k-spaces pairwise intersecting in
at least an affine t-space. Suppose that α /∈ S is an affine k-space that meets every element of
S in at least an affine t-space. If α contains δ, then, since α /∈ S, we know that α ∩ 〈pi, δ〉 = δ.
Hence, α meets pi only in a (t− 1)-space, a contradiction. So we can suppose that δ * α. Hence,
dim(α∩ δ) ≤ t− 1, and note that dim(α∩ 〈pi, δ〉) ≥ t+1 as α meets all elements of S1 in at least a
t-space. Let σ0 be a (k− t)-space in pi \ δ. For every point P ∈ σ0, consider the set SP of elements
of S that meet 〈pi, δ〉 in 〈δ, P 〉. If dim(α ∩ 〈δ, P 〉) < t, then α must meet all elements of SP in a
subspace outside of 〈pi, δ〉. This gives a contradiction since n > 2k − t. Hence, dim(α ∩ 〈δ, P 〉) = t
for all points P ∈ σ0. This implies that dim(α ∩ δ) = t − 1, and α must have a t-space in comon
with all (t+ 1)-spaces 〈δ, P 〉 with P ∈ σ0. Hence, α ∈ 〈pi, δ〉, and so α ∈ S1, a contradiction.
Example 3.3. Suppose k > t. Let Γ be an affine (t + 2)-space in AG(n, q), and let R be a
maximal set of θt+1 affine (t+1)-spaces in Γ such that for every two distinct elements σ1, σ2 ∈ R,
σ˜1 ∩H∞ 6= σ˜2 ∩H∞. Note that every two different elements of R meet in an affine t-space. Let S
be the set of all k-spaces in AG(n, q), containing Γ or meeting Γ in an element of R.
Lemma 3.4. The set S, described in Example 3.3, is a maximal set of k-spaces in AG(n, q),
n > 2k − t, pairwise intersecting in at least a t-space, of size
|S| =
[
n− t− 2
k − t− 2
](
1 + θt+1q
k−t−1 q
n−k − 1
qk−t−1 − 1
)
.
Proof. Since R is a maximal set, we have that |R| is the number of all t-spaces in Γ˜∩H∞. Hence,
|R| = θt+1. The number of elements in S is the number of k-spaces through Γ, together with the
number of k-spaces, meeting Γ in an element of R:
|S| =
[
n− t− 2
k − t− 2
]
+ θt+1 ·
([
n− t− 1
k − t− 1
]
−
[
n− t− 2
k − t− 2
])
=
[
n− t− 2
k − t− 2
](
1 + θt+1q
k−t−1 q
n−k − 1
qk−t−1 − 1
)
.
Consider two elements pi1, pi2 ∈ S. If pi1 or pi2 contains Γ, then pi1 and pi2 intersect in at least
a (t+ 1)-dimensional space. Hence, we suppose that pi1 ∩ Γ and pi2 ∩ Γ are two (t+1)-spaces of R
in a (t + 2)-space. Since every two elements of R meet in an affine space with dimension at least
t, we have that pi1 and pi2 meet in at least an affine t-space.
Now we prove that S cannot be extended to a larger set of k-spaces pairwise intersecting in at
least a t-space. Suppose that α /∈ S is an affine k-space that meets every element of S in at least a
t-space. Consider an element σ ∈ R. Since α must meet all affine k-spaces through σ, we find that
α contains a t-space of σ, as n > 2k − t. As σ is an arbitrary element of R, we see that α must
meet every element of R in at least an affine t-space. This implies that α meets Γ in a (t+1)-space
αΓ. Now, αΓ must meet every element of R in an affine t-space. Due to the maximality of R, we
have that αΓ ∈ R, and so that α ∈ S, a contradiction.
5
4 Classification results
We start with a classification result on maximal sets of k-spaces pairwise intersecting in a (k− 1)-
space. In the projective case, the following classification result was proven by Brouwer, Cohen and
Neumaier, based on the link with distance regular graphs.
Theorem 4.1. [2, Section 9.3] Let S be a set of projective k-spaces, pairwise intersecting in a
(k− 1)-space in PG(n, q), n ≥ k+2, then all the k-spaces of S go through a fixed (k− 1)-space or
they are contained in a fixed (k + 1)-space.
We used the above classification to deduce the classification of maximal sets of k-spaces pairwise
intersecting in a (k − 1)-space in AG(n, q).
Theorem 4.2. Let S be a set of k-spaces in AG(n, q), n > k, pairwise intersecting in a (k − 1)-
space such that S is not a (k − 1)-pencil, then |S| ≤ θk, and equality occurs if and only if S is
Example 3.3. Hence, all elements of S are contained in a (k + 1)-space.
Proof. As before, Let S˜ be the set of projective extensions of the elements in S. So, S˜ is a set
of projective k-spaces pairwise intersecting in a (k − 1)-space, and such that there is no (k − 1)-
space contained in all these elements. Hence, S˜ is contained in a (k + 1)-space Π, by Theorem
4.1. Now, every two elements of S must meet in AG(n, q). So, for every two elements pi1, pi2 ∈ S,
p˜i1 ∩ p˜i2 * H∞. This implies that every k-space in Π∩H∞ is contained in precisely one element of
S˜. This is Example 3.3, for k = t+ 1, which proves the theorem.
Remark 4.3. Note that for t = k−1, Example 3.1 and Example 3.3 are similar. In both examples,
all elements are contained in a fixed (t + 2)-space Γ, and every projective t-space in Γ˜ ∩ H∞ is
contained in a unique (extended) k-space of the set. The two examples are not equal, since in
Example 3.1, there is freedom to choose the affine k-space pi, such that p˜i goes through a fixed
t-space in H∞.
For t = k − 1, the number of elements of Example 3.1 is θk, while, the number of affine
subspaces in AG(n, q) through a fixed affine (k − 1)-space is θn−k. Hence, for n < 2k, Example
3.1 is the largest example of a set of affine k-spaces, pairwise intersecting in at least a (k−1)-space.
From now on, we suppose that k > t+1. In Section 4.1 and Section 4.2, we classify the largest
non-trivial t-intersecting sets of k-spaces in PG(n, q) and AG(n, q), respectively. Several ideas in
the following subsection are based on the notes of David Ellis [7].
4.1 Classification result in PG(n, q)
Let Sp be a maximal set of k-spaces in PG(n, q), n > 2k− t, k > t+1, pairwise meeting in at least
a t-space. Let
ψ(Sp) = min{dim(T )|T ⊂ PG(n, q), dim(T ∩ α) ≥ t, ∀α ∈ Sp}.
Note that ψ(Sp) is well-defined. Every element β ∈ Sp is an example of a subspace such that
dim(β ∩α) ≥ t, ∀α ∈ Sp. Let T be the collection of all ψ(Sp)-dimensional spaces in PG(n, q), that
meet every element of Sp in at least a t-space.
Lemma 4.4. 1. We have that t ≤ ψ(Sp) ≤ k, and if ψ(Sp) = t, then Sp is a t-pencil.
2. If T ∈ T , then all k-spaces through T are contained in Sp.
3. The elements of T are t-intersecting in PG(n, q).
Proof. 1. Let pi1 ∈ Sp. Since every element of Sp meets pi1 in at least a t-space, we have that
ψ(Sp) ≤ k. Let T ∈ T . Since all elements of Sp meet T in at least a t-space, we have that
ψ(Sp) ≥ t. If ψ(Sp) = t, then all elements of Sp contain the t-space T , and hence, Sp is a
t-pencil.
2. This property follows from the maximality of Sp.
6
3. Suppose that there are two elements T1, T2 ∈ T , with dim(T1 ∩ T2) = l < t. Let pii be a
k-space through Ti, i = 1, 2, such that dim(pi1∩pi2) < t. Note that we can find these k-spaces
since n > 2k− t. From the second item, we have that pi1, pi2 ∈ Sp, a contradiction since they
have no t-space in common.
Lemma 4.5. Let ψ(Sp) = t+ x, x ≥ 2, k > t+ 1 and n > 2k − t. Then the number of elements
of Sp through a projective (t+ x− j)-space, with j ∈ {0, 1, 2, . . . , x}, is at most (θk−t)j
[
n−t−x
k−t−x
]
.
Proof. Let ψ(Sp) = t+x, x ≥ 2. We prove, by induction on j ∈ {0, 1, 2, . . . , x}, that the number of
k-spaces of Sp through a (t+ x− j)-space is at most
[
n−t−x
k−t−x
]
(θk−t)
j . Note that, by Lemma 4.4(2),
the statement is true for j = 0. Let j ∈ {1, 2, 3, . . . , x} and suppose now that the number of k-
spaces of Sp through a projective (t+x− j0)-space, is at most (θk−t)j0
[
n−t−x
k−t−x
]
, for all j0 < j. Then
we prove that this also holds for j. Consider a projective (t+x− j)-space γj . Since ψ(Sp) = t+x,
we know that there exists a k-space pij of Sp, meeting γj in at most a (t− 1)-space. Suppose first
that dim(pij ∩ γj) = t− 1 and let pijγ be a projective (k − t)-space in pij \ γj . Then every element
of Sp through γj contains at least a point of pijγ . Since there are θk−t points in pijγ , and since the
number of projective k-spaces through a (t+ x− j+1)-space is at most (θk−t)
j−1
[
n−t−x
k−t−x
]
, we find
that the number of elements of Sp through γj is at most (θk−t)j
[
n−t−x
k−t−x
]
.
Suppose now that every element pi of Sp meets γj in a t-space or in at most a (t − 2)-space.
Let max{dim(γj ∩ pi)|pi ∈ Sp, dim(γj ∩ pi) < t} = t− l, then l ≥ 2, and suppose that pij ∈ Sp is an
element such that dim(pij ∩γj) = t− l. Let pijγ be a projective (k− t+ l−1)-space in pij \γj . Then
every element of Sp through γj contains at least an (l − 1)-space of pijγ . Since there are
[
k−t+l
l
]
(l − 1)-spaces in pijγ , and since the number of projective k-spaces through a (t+ x − j + l)-space
is at most (θk−t)
j−l
[
n−t−x
k−t−x
]
, we find that the number of elements of Sp through γj is at most[
k−t+l
l
]
(θk−t)
j−l
[
n−t−x
k−t−x
]
. Note that
[
k − t+ l
l
]
(θk−t)
j−l =
(qk−t+l − 1) . . . (qk−t+1 − 1)
(ql − 1) . . . (q − 1)
(θk−t)
j−l ≤
(
(qk−t+1 − 1)
(q − 1)
)l
(θk−t)
j−l = (θk−t)
j
Hence, also in this case, we find that the number of elements of Sp through γj is at most
(θk−t)
j
[
n−t−x
k−t−x
]
.
Lemma 4.6. Let Sp be a set of k-spaces, pairwise intersecting in at least a t-space in PG(n, q).
If ψ(Sp) = t+ x, x ≥ 2, k > t+ 1 and n > 2k − t, then |Sp| ≤ (θk−t)x
[
n−t−x
k−t−x
][
t+x+1
t+1
]
.
Proof. Suppose that ψ(Sp) = t+ x, x ≥ 2. By Lemma 4.5, we know, for j ∈ {0, 1, 2, . . . , x}, that
the number of k-spaces of Sp through a (t+ x− j)-space is at most
[
n−t−x
k−t−x
]
(θk−t)
j .
Consider now an element T ∈ T . Then every element of Sp meets T in at least a t-space.
Since there are
[
t+x+1
t+1
]
projective t-spaces in T and since every t-space is contained in at most
(θk−t)
x
[
n−t−x
k−t−x
]
elements of Sp, we find that Sp has at most (θk−t)x
[
n−t−x
k−t−x
][
t+x+1
t+1
]
elements.
Lemma 4.7. Let Sp be a maximal set of k-spaces, pairwise intersecting in at least a t-space in
PG(n, q), n > 2k − t, k > t. If ψ(Sp) = t+ 1 and |T | ≤ 2, then
|Sp| ≤ 2
[
n− t− 1
k − t− 1
]
+ (θt+1θk−t − θt+1 − 1)θk−t
[
n− t− 2
k − t− 2
]
.
Proof. Let T be a (t+1)-space of T . Since Sp is a maximal set, we know that all
[
n−t−1
k−t−1
]
k-spaces
through T are contained in Sp. Now we count the size of the set Sp0 of k-spaces of Sp not through
T . For every pi ∈ Sp0, dim(pi ∩ T ) = t. Let E be a t-space in T , then there exists an element
α ∈ Sp0 not through E, and so dim(α ∩ E) = t − 1. Hence, every element pi of Sp0, through E
must contain a (t+ 1)-space τ , different from T , such that E ⊂ τ and τ ∩ (α \ E) 6= ∅. Note that
there are θk−t − 1 possibilities for τ . Fix such a (t+ 1)-space τ .
• If T = {T }, we know that τ /∈ T , and hence there exists an element σ of Sp, meeting τ in at
most a (t− 1)-space. Hence, every element of Sp0 through τ meets σ \ τ , and so the number
of elements of Sp0 through τ is at most θk−t
[
n−t−2
k−t−2
]
. Since there are θt+1 possibilities for E,
and at most θk−t − 1 for τ , we have that
|Sp| ≤
[
n− t− 1
k − t− 1
]
+ θt+1(θk−t − 1)θk−t
[
n− t− 2
k − t− 2
]
.
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• Suppose |T | = 2, and let T = {T,Ψ}. If τ = Ψ, then Sp contains all
[
n−t−1
k−t−1
]
k-spaces
through τ . If τ 6= Ψ, then we can follow the argument in the previous item, and we find
that the number of elements of Sp0 through τ is at most θk−t
[
n−t−2
k−t−2
]
. Note that there are
θt+1 − 1 possibilities for E 6= T ∩ Ψ. If E 6= T ∩ Ψ, there are at most θk−t − 1 possibilities
for τ 6= Ψ, T , through E. Next to this, if E = T ∩Ψ, there are at most θk−t − 2 possibilities
for τ 6= Ψ through E = T ∩Ψ. Hence, we have that
|Sp| ≤
[
n− t− 1
k − t− 1
]
+
∑
E⊂T
∑
τ⊇E
|{pi ∈ Sp0|τ ⊂ pi}|
≤
[
n− t− 1
k − t− 1
]
+
∑
E 6=T∩Ψ
∑
τ⊇E
θk−t
[
n− t− 2
k − t− 2
]
+
∑
τ⊃T∩Ψ
|{pi ∈ Sp0|τ ⊂ pi}|
≤
[
n− t− 1
k − t− 1
]
+ (θt+1 − 1)(θk−t − 1)θk−t
[
n− t− 2
k − t− 2
]
+
∑
τ 6=Ψ
θk−t
[
n− t− 2
k − t− 2
]
+
[
n− t− 1
k − t− 1
]
≤2
[
n− t− 1
k − t− 1
]
+ (θt+1 − 1)(θk−t − 1)θk−t
[
n− t− 2
k − t− 2
]
+ (θk−t − 2)θk−t
[
n− t− 2
k − t− 2
]
=2
[
n− t− 1
k − t− 1
]
+ (θt+1θk−t − θt+1 − 1)θk−t
[
n− t− 2
k − t− 2
]
.
The lemma follows since
2
[
n− t− 1
k − t− 1
]
+(θt+1θk−t− θt+1− 1)θk−t
[
n− t− 2
k − t− 2
]
≥
[
n− t− 1
k − t− 1
]
+ θt+1(θk−t− 1)θk−t
[
n− t− 2
k − t− 2
]
for n > 2k − t, k > t, q ≥ 2 (see Lemma A.2).
From now on, we define fp(q, n, k, t) as the maximum of the number of elements in the sets
described in Example 2.1 and Example 2.3.
fp(q, n, k, t) =max{θk+1 − θk−t +
[
n− t
k − t
]
− q(k−t+1)(k−t)
[
n− k − 1
k − t
]
,
θt+2 ·
([
n− t− 1
k − t− 1
]
−
[
n− t− 2
k − t− 2
])
+
[
n− t− 2
k − t− 2
]
}.
From Lemma A.4, A.5 and A.6, we find, for n > 2k − t, k > t+ 1, q ≥ 3, that
fp(q, n, k, t) =
{
θk+1 − θk−t +
[
n−t
k−t
]
− q(k−t+1)(k−t)
[
n−k−1
k−t
]
if k > 2t+ 2
θt+2 ·
([
n−t−1
k−t−1
]
−
[
n−t−2
k−t−2
])
+
[
n−t−2
k−t−2
]
if k ≤ 2t+ 2.
Theorem 4.8. Let Sp be a maximal set of k-spaces, pairwise intersecting in at least a t-space in
PG(n, q), k > t+ 1, t > 0, with q ≥ 4, and n > 2k+ t+ 2, (or q = 3 and n > 2k + t+ 3). If Sp is
not a t-pencil, then
|Sp| ≤ fp(q, n, k, t).
Equality occurs if and only if Sp is Example 2.1 for k > 2t+ 2 or Example 2.3 for k ≤ 2t+ 2.
Proof. Let Sp be a maximal set of k-spaces, pairwise intersecting in at least a t-space, in PG(n, q),
with Sp not a t-pencil, and suppose that |Sp| ≥ fp(q, n, k, t). From Lemma 4.6 and Lemma A.11,
it follows that ψ(Sp) < t + 2 for k > t + 1, t > 0, and q ≥ 4, n > 2k + t + 2, (or q = 3 and
n > 2k + t+ 3). Since Sp is not a t-pencil, ψ(Sp) > t, and so ψ(Sp) = t+ 1. From Lemma 4.7, it
follows that if |T | ≤ 2, then |Sp| ≤ 2
[
n−t−1
k−t−1
]
+ (θt+1θk−t − θt+1 − 1)θk−t
[
n−t−2
k−t−2
]
, a contradiction
for n > 2k + t + 2, q ≥ 3, k > t + 1, t > 0, due to Lemma A.14. Hence, |T | > 2. From Lemma
8
4.4(3), it follows that T is a t-intersecting set of (t+1)-spaces. Hence, T is contained in a t-pencil
or all elements of T are contained in a (t+ 2)-space (see Theorem 4.1).
We first suppose that there is no t-space contained in all elements of T . Hence, we know that all
elements of T are contained in a (t+2)-space Γ. This implies that every element pi1 of Sp must meet
Γ in at least a (t+1)-space. Since Sp is maximal, we know that Sp contains all k-spaces meeting Γ
in at least a (t+1)-space, which is Example 2.3. Hence, |Sp| = θt+2 ·
([
n−t−1
k−t−1
]
−
[
n−t−2
k−t−2
])
+
[
n−t−2
k−t−2
]
,
if there is no t-space contained in all elements of T . This number is larger than θk+1 − θk−t +[
n−t
k−t
]
− q(k−t−1)(k−t)
[
n−k−1
k−t
]
, if and only if k ≤ 2t+ 2. So, for k > 2t+ 2, we find a contradiction.
Hence, for k > 2t+ 2, we know that the elements of T are contained in a t-pencil with vertex
the t-space δ. Let Z be the span of all elements of T and let dim(Z) = t+x, x ≥ 2. Since Sp is not
a t-pencil, we know that there are k-spaces in Sp that do not contain δ. Note that these elements
of Sp, not through δ, meet δ in a (t− 1)-space, and meet Z in a (t+ x− 1)-space. The dimension
of the span Z of all the (t+ 1)-spaces in T is at most k + 1: if dim(Z) > k + 1 then every k-space
of Sp, not through δ would meet Z in a subspace with dimension dim(Z)− 1 > k, a contradiction.
Let pi ∈ Sp be an element that does not contain δ. Note that every element of Sp through δ has
at least a (t+1)-space in common with 〈pi, δ〉. Now we claim that all elements of Sp, not through δ,
are contained in 〈pi, δ〉. Suppose that this is not the case, then there exists an element pi2 ∈ Sp with
δ * pi2 and pi2 * 〈pi, δ〉. Then every element of Sp through δ meets both pi\δ and pi2 \δ. Hence, the
number of elements of Sp, through δ, is at most θ2k−t
[
n−t−2
k−t−2
]
+ θk−t−1
[
n−t−1
k−t−1
]
. Here, the first term
is an upper bound on the number of elements meeting both pi\pi2 and pi2\pi. The second term is an
upper bound on the number of elements meeting (pi∩pi2)\δ. Since every element of Sp not through
δ meets Z in a (t+x− 1)-space, we find that |Sp| ≤ θt+x
[
n−t−x+1
k−t−x+1
]
+ θ2k−t
[
n−t−2
k−t−2
]
+ θk−t−1
[
n−t−1
k−t−1
]
.
For 2 ≤ x ≤ k − t + 1, k > 2t + 2, n > 2k + t + 2, t > 0 and q ≥ 3; this gives a contradiction by
Lemma A.16, since |S| ≥ fp(q, n, k, t). Hence, we find that Sp is contained in Example 2.1. The
theorem follows from the maximality of Sp.
4.2 Classification result in AG(n, q)
In this subsection, we investigate the largest non-trivial sets of k-spaces in AG(n, q) pairwise
intersecting in at least a t-space. Many results and proofs in this affine setting are similar to the
results and proofs in the projective setting, but because of some structural differences, we decided
to discuss the Hilton-Milner problem, in the projective and affine context, in different subsections.
We again suppose that k > t+1. Let Sa be a maximal set of k-spaces in AG(n, q), n > 2k− t,
pairwise meeting in at least a t-space. Let
ψ(Sa) = min{dim(T )|T ⊂ AG(n, q), dim(T ∩ α) ≥ t, ∀α ∈ Sa}.
Let T be the set of all ψ(Sa)-dimensional spaces in AG(n, q) that meet every element of Sa in at
least a t-space.
Lemma 4.9. 1. t ≤ ψ(Sa) ≤ k, and if ψ(Sa) = t, then Sa is a t-pencil.
2. Let T ∈ T , then all k-spaces through T are contained in Sa.
3. The elements of T are t-intersecting in AG(n, q).
Proof. Analogous to the proof of Lemma 4.4.
Lemma 4.10. Let ψ(Sa) = t+ x, x ≥ 2, k > t+ 1 and n > 2k− t. Then the number of elements
of Sa through an affine (t+ x− j)-space, with j ∈ {0, 1, 2, . . . , x}, is at most (θk−t)j
[
n−t−x
k−t−x
]
.
Proof. Suppose that ψ(Sa) = t+x, x ≥ 2. We prove, by induction on j ∈ {0, 1, 2, . . . , x}, that the
number of k-spaces of Sa through an affine (t+ x− j)-space is at most
[
n−t−x
k−t−x
]
(θk−t)
j . Note that
the statement is true for j = 0, by Lemma 4.9(2).
Let j ∈ {1, 2, 3, . . . , x} and suppose now that the number of k-spaces of Sa through an affine
(t + x − j0)-space, is at most (θk−t)j0
[
n−t−x
k−t−x
]
, for all j0 < j. Then we prove that this also holds
for j. Consider an affine (t + x − j)-space γj . Since ψ(Sp) = t + x, we know that there exists a
k-space pij of S˜a, meeting γ˜j in at most a (t− 1)-space.
Suppose first that dim(pij ∩ γ˜j) = t − 1 and let pijγ be a (projective) (k − t)-space in pij \ γ˜j .
Then every element of S˜a through γ˜j contains at least a point of pijγ . Since there are θk−t points
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in pijγ , and since the number of affine k-spaces in Sa through a (t + x − j + 1)-space is at most
(θk−t)
j−1
[
n−t−x
k−t−x
]
, we find that the number of elements of S˜a through γ˜j is at most (θk−t)j
[
n−t−x
k−t−x
]
.
Suppose now that every element pi of S˜a meets γ˜j in a t-space or in at most a (t − 2)-space.
Let max{dim(γ˜j ∩ pi)|pi ∈ S˜a, dim(γ˜j ∩ pi) < t} = t− l, then l ≥ 2, and suppose that pij ∈ S˜a is an
element such that dim(pij ∩ γ˜j) = t− l. Let pijγ be a projective (k− t+ l−1)-space in pij \ γ˜j . Then
every element of S˜a through γ˜j contains at least an (l − 1)-space of pijγ . Since there are
[
k−t+l
l
]
(l− 1)-spaces in pijγ , and since the number of affine k-spaces in Sa through a (t+ x− j + l)-space
is at most (θk−t)
j−l
[
n−t−x
k−t−x
]
, we find that the number of elements of S˜a through γ˜j is at most[
k−t+l
l
]
(θk−t)
j−l
[
n−t−x
k−t−x
]
. Note that
[
k − t+ l
l
]
(θk−t)
j−l =
(qk−t+l − 1) . . . (qk−t+1 − 1)
(ql − 1) . . . (q − 1)
(θk−t)
j−l ≤
(
(qk−t+1 − 1)
(q − 1)
)l
(θk−t)
j−l = (θk−t)
j
Hence, also in this case, we find that the number of elements of S˜a trough γ˜j , and so, the number
of elements of Sa through γj is at most (θk−t)
j
[
n−t−x
k−t−x
]
.
Lemma 4.11. Let Sa be a set of k-spaces, pairwise intersecting in at least a t-space in AG(n, q).
If ψ(Sa) = t+ x, x ≥ 2, k > t+ 1 and n > 2k − t, then |Sa| ≤ qx
[
t+x
x
]
(θk−t)
x
[
n−t−x
k−t−x
]
.
Proof. Suppose that ψ(Sa) = t+ x, x ≥ 2. By Lemma 4.10, we know, for j ∈ {0, 1, 2, . . . , x}, that
the number of k-spaces of Sa through an affine (t+ x− j)-space is at most
[
n−t−x
k−t−x
]
(θk−t)
j .
Consider now an element T ∈ T . Then every element of Sa meets T in at least a t-space.
Since there are at least qx
[
t+x
x
]
affine t-spaces in T and since every t-space is contained in at most
(θk−t)
x
[
n−t−x
k−t−x
]
elements of Sa, we find that Sa has at most qx
[
t+x
x
]
(θk−t)
x
[
n−t−x
k−t−x
]
elements.
Lemma 4.12. Let Sa be a maximal set of k-spaces, pairwise intersecting in at least a t-space in
AG(n, q), n > 2k − t, k > t. If ψ(Sa) = t+ 1 and |T | ≤ 2, then
|Sa| ≤ 2
[
n− t− 1
k − t− 1
]
+ (θt+1θk−t − θt+1 − θk−t)θk−t
[
n− t− 2
k − t− 2
]
.
Proof. Let T be an element of T . Since Sa is a maximal set, we know that all
[
n−t−1
k−t−1
]
k-spaces
through T are contained in Sa. Now we count the size of the set Sa0 of k-spaces of Sa not through
T . For every pi ∈ Sa0, dim(pi ∩ T ) = t, and let E be an affine t-space in T . Then there exists
an element α ∈ Sa0 not through E, and so dim(α ∩ E) = t − 1. Hence, every element pi of Sa0,
through E must contain a (t+ 1)-space τ , different from T , such that E ⊂ τ and τ ∩ (α \E) 6= ∅.
Note that there are θk−t − 1 possibilities for τ . Fix such a (t+ 1)-space τ .
• If T = {T }, we know that τ /∈ T , and hence there exists an element σ of Sa, meeting τ in at
most a (t− 1)-space. Hence, every element of Sa0 through τ meets σ \ τ , and so the number
of elements of Sa0 through τ is at most θk−t
[
n−t−2
k−t−2
]
. Since there are qθt possibilities for E,
and at most θk−t − 1 for τ , we have that
|Sa| ≤
[
n− t− 1
k − t− 1
]
+ qθt(θk−t − 1)θk−t
[
n− t− 2
k − t− 2
]
.
• Suppose |T | = 2, and let T = {T,Ψ}. If τ = Ψ, then Sa contains all
[
n−t−1
k−t−1
]
k-spaces
through τ . If τ 6= Ψ, then we can follow the argument in the previous item, and we find
that the number of elements of Sa0 through τ is at most θk−t
[
n−t−2
k−t−2
]
. Note that there are
qθt − 1 possibilities for E 6= T ∩Ψ, and at most θk−t − 1 for τ 6= Ψ, T , through E 6= T ∩Ψ.
Moreover, there are at most θk−t − 2 possibilities for τ 6= Ψ through E = T ∩Ψ. Hence, we
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have that
|Sa| ≤
[
n− t− 1
k − t− 1
]
+
∑
E⊂T
∑
τ⊇E
|{pi ∈ Sa0|τ ⊂ pi}|
≤
[
n− t− 1
k − t− 1
]
+
∑
E 6=T∩Ψ
∑
τ⊇E
θk−t
[
n− t− 2
k − t− 2
]
+
∑
τ⊃T∩Ψ
|{pi ∈ Sa0|τ ⊂ pi}|
≤
[
n− t− 1
k − t− 1
]
+ (qθt − 1)(θk−t − 1)θk−t
[
n− t− 2
k − t− 2
]
+
∑
τ 6=Ψ
θk−t
[
n− t− 2
k − t− 2
]
+
[
n− t− 1
k − t− 1
]
≤2
[
n− t− 1
k − t− 1
]
+ (qθt − 1)(θk−t − 1)θk−t
[
n− t− 2
k − t− 2
]
+ (θk−t − 2)θk−t
[
n− t− 2
k − t− 2
]
=2
[
n− t− 1
k − t− 1
]
+ (θt+1θk−t − θt+1 − θk−t)θk−t
[
n− t− 2
k − t− 2
]
.
The lemma follows since
2
[
n− t− 1
k − t− 1
]
+(θt+1θk−t−θt+1−θk−t)θk−t
[
n− t− 2
k − t− 2
]
≥
[
n− t− 1
k − t− 1
]
+qθt(θk−t−1)θk−t
[
n− t− 2
k − t− 2
]
for k > t, n ≥ 2k − t, q ≥ 2 (see Lemma A.3).
From now on, we define fa(q, n, k, t) as the maximum of the number of elements in the sets
described in Example 3.1 and Example 3.3 for n > 2k − t.
fa(q, n, k, t) = max{θk − θk−t +
[
n− t
k − t
]
− q(k−t+1)(k−t)
[
n− k − 1
k − t
]
,
θt+1 ·
([
n− t− 1
k − t− 1
]
−
[
n− t− 2
k − t− 2
])
+
[
n− t− 2
k − t− 2
]
}.
From Lemma A.7, A.8 and A.9, we find for n > 2k − t, k > t+ 1, q ≥ 3 that
fa(q, n, k, t) =
{
θk − θk−t +
[
n−t
k−t
]
− q(k−t+1)(k−t)
[
n−k−1
k−t
]
if k > 2t+ 1
θt+1 ·
([
n−t−1
k−t−1
]
−
[
n−t−2
k−t−2
])
+
[
n−t−2
k−t−2
]
if k ≤ 2t+ 1.
Theorem 4.13. Let Sa be a maximal set of k-spaces, pairwise intersecting in at least a t-space in
AG(n, q), k > t+ 1, t > 0, with q ≥ 4, and n > 2k + t+ 2, (or q = 3 and n > 2k+ t+ 3). If Sa is
not a t-pencil, then
|Sa| ≤ fa(q, n, k, t).
Equality occurs if and only if Sa is Example 3.1 for k > 2t+ 1 or Example 3.3 for k ≤ 2t+ 1.
Proof. Let Sa be a maximal set of k-spaces, pairwise intersecting in at least a t-space, in AG(n, q),
with Sa not a t-pencil, and suppose that |Sa| ≥ fa(q, n, k, t). From Lemma 4.11 and Lemma A.13,
it follows that ψ(Sa) < t + 2 for k > t + 1, t > 0, with q ≥ 4, and n > 2k + t + 2, (or q = 3 and
n > 2k + t+ 3). Since Sa is not a t-pencil, we find that ψ(Sa) > t, and so ψ(Sa) = t+ 1.
From Lemma 4.12, it follows that if |T | ≤ 2, then |Sa| ≤ 2
[
n−t−1
k−t−1
]
+ (θt+1θk−t − θt+1 −
θk−t)θk−t
[
n−t−2
k−t−2
]
, a contradiction by Lemma A.15 for n > 2k + t + 2, k > t + 1, q ≥ 3, t > 0.
Hence, |T | > 2. From Lemma 4.9(3), it follows that T is a t-intersecting set of (t + 1)-spaces.
Hence, T˜ , (and so T ), is contained in a t-pencil or all elements of T˜ , (and so T ), are contained in
a (t+ 2)-space (see Theorem 4.1).
We first suppose that there is no t-space contained in all elements of T . Hence, we know that
all elements of T are contained in a (t + 2)-space Γ. We also know that the elements of T are t-
intersecting in the affine space, and so, every t-space in Γ˜∩H∞ is contained in at most one element
of T . Moreover, we also find that every element pi1 of Sa must meet Γ in at least a (t+ 1)-space.
This follows since pi1 must meet all elements of T in at least a t-space, and the elements of T are
contained in a (t+ 2)-space.
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In this case, we claim that the number of elements of Sa is at most θt+1 ·
([
n−t−1
k−t−1
]
−
[
n−t−2
k−t−2
])
+[
n−t−2
k−t−2
]
. We also claim that equality holds if and only if there exists a set R of affine (t+1)-spaces
in Γ such that no two elements of R˜ meet in a t-space in H∞. Then, Sa is the set of all k-spaces
that meet Γ in an element of R, and so, Sa is Example 3.3 . (∗)
To prove this, we first of all note that all k-spaces through Γ are contained in Sa. Consider a
t-space αt ⊂ Γ˜ ∩ H∞. Then we count the number of elements of S˜a through αt, not through Γ.
There are two possibilities.
• All these elements meet Γ˜ in the same affine (t+ 1)-space through αt. Then the number of
elements of S˜a through αt and not through Γ is
[
n−t−1
k−t−1
]
−
[
n−t−2
k−t−2
]
. If this is the case for all
t-spaces αt ⊂ Γ˜ ∩ H∞, then |Sa| = θt+1 ·
([
n−t−1
k−t−1
]
−
[
n−t−2
k−t−2
])
+
[
n−t−2
k−t−2
]
, and Sa is of the
described form.
• There is a t-space αt ⊂ Γ˜∩H∞, such that there are two elements pi1, pi2 ∈ Sa, not contained
in Γ, with αt ∈ p˜i1, p˜i2, but pi1 ∩ Γ 6= pi2 ∩ Γ. Then every element pi of S˜a through αt, not
through pi1 ∩Γ, meets Γ˜ in a (t+1)-space through αt and meets pi1 in an affine point outside
of Γ. For the elements of S˜a not through Γ˜ and through pi1∩Γ, we can use the same argument
by using pi2. Note that p˜i meets Γ˜ in one of the q affine (t+ 1)-spaces in Γ˜ through αt.
– If p˜i ∩ Γ˜ 6= p˜i1 ∩ Γ˜ then there are qk−t−1 − 1 ways to extend this (t + 1)-space pi ∩ Γ to
a (t + 2)-space, meeting pi1 in an affine (t + 1)-space, not in Γ. By investigating the
quotient space of αt in p˜i1: there are q
k−t−1 ways to extend p˜i ∩ Γ˜ to a (t + 2)-space
meeting pi1 in an affine (t+ 1)-space, and one of these extended (t+ 2)-spaces is equal
to Γ.
– If p˜i ∩ Γ˜ = p˜i1 ∩ Γ˜ then p˜i ∩ Γ˜ 6= p˜i2 ∩ Γ˜. Hence, we can use the same argument from the
previous point to see that there are qk−t−1 − 1 ways to extend this (t + 1)-space to a
(t+ 2)-space, meeting pi2 in an affine (t+ 1)-space, not in Γ.
Hence, there are at most q(qk−t−1 − 1) ·
[
n−t−2
k−t−2
]
elements of S˜a through αt and not through
Γ. The fact that
q(qk−t−1 − 1) =
q2k−2t−1 − 2qk−t + q
qk−t−1 − 1
<
qn−t−1 − qk−t−1 − 2qk−t + q
qk−t−1 − 1
<
qn−t−1 − qk−t−1
qk−t−1 − 1
,
for n > 2k− t, k > t+1, q ≥ 3, implies that q(qk−t−1− 1) ·
[
n−t−2
k−t−2
]
< q
n−t−1−qk−t−1
qk−t−1−1
[
n−t−2
k−t−2
]
=[
n−t−1
k−t−1
]
−
[
n−t−2
k−t−2
]
. This proves the claim.
So |Sa| = θt+1 ·
([
n−t−1
k−t−1
]
−
[
n−t−2
k−t−2
])
+
[
n−t−2
k−t−2
]
if there is no t-space contained in all elements of
T . This number is larger than θk − θk−t +
[
n−t
k−t
]
− q(k−t−1)(k−t)
[
n−k−1
k−t
]
, if and only if k ≤ 2t+ 1.
So, for k > 2t+ 1, we find a contradiction. Hence, for k > 2t+ 1, we know that the elements of T
are contained in a t-pencil with vertex the affine t-space δ. Let Z be the span of all elements of T
and let dim(Z) = t+ x, x ≥ 2. Since Sa is not a t-pencil, we know that there are k-spaces in Sa
that do not contain δ. Note that these elements of Sa, not through δ, meet δ in a (t − 1)-space,
and meet Z in a (t+ x− 1)-space. The dimension of the span Z of all the (t+1)-spaces in T is at
most k+1: if dim(Z) > k+1, then every k-space of Sa, not through δ would meet Z in a subspace
with dimendion dim(Z)− 1 > k, a contradiction.
Let pi ∈ Sa be an element that does not contain δ. Note that every element of Sa through δ has
at least a (t+1)-space in common with 〈pi, δ〉. Now we claim that all elements of Sa, not through δ,
are contained in 〈pi, δ〉. Suppose that this is not the case, then there exists an element pi2 ∈ Sa with
δ * pi2 and pi2 * 〈pi, δ〉. Then every element of Sa through δ meets both pi \ δ and pi2 \ δ. Hence the
number of elements of Sa, through δ, is at most θ2k−t
[
n−t−2
k−t−2
]
+ θk−t−1
[
n−t−1
k−t−1
]
. Here, the first term
is an upper bound on the number of elements meeting both pi \ pi2 and pi2 \ pi. The second term is
an upper bound on the number of elements meeting (pi∩pi2)\ δ, since dim((pi ∩pi2)\ δ) ≤ k− t− 1.
Every element of Sa not through δ meets Z in a (t + x − 1)-space. This implies that that |Sa| ≤
θt+x
[
n−t−x+1
k−t−x+1
]
+ θ2k−t
[
n−t−2
k−t−2
]
+ θk−t−1
[
n−t−1
k−t−1
]
. For n > 2k + t+ 2, k > 2t+ 1, t > 0, x ≥ 3, q ≥ 3;
this gives a contradiction by Lemma A.17, since |S| ≥ fa(q, n, k, t). Now, in a last step, we also
have to find a contradiction for x = 2, and so Z a (t + 2)-space. In this situation, all k-spaces
not through δ must meet Z in a (t + 1)-space, not through δ. Now, every two elements of S, not
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through δ must meet in at least a t-space. The same argument, used to deduce (∗), can be used
to show the following. For every t-space αt ⊂ Z˜ ∩ H∞, δ˜ ∩ H∞ * αt, we have that all elements
of S˜a through αt must meet Z in the same (t + 1)-space. Hence, there are at most θt+1 − θ1
possibilities for the intersection pi ∩Z, with pi ∈ Sa, δ * pi, and there are at most
[
n−t−1
k−t−1
]
k-spaces
through a fixed (t+ 1)-space. Hence we find that the number of elemtents of Sa, not through δ is
at most q2θt−1
[
n−t−1
k−t−1
]
, and so |Sa| ≤ q2θt−1
[
n−t−1
k−t−1
]
+ θ2k−t
[
n−t−2
k−t−2
]
+ θk−t−1
[
n−t−1
k−t−1
]
. This gives a
contradiction for n > 2k + t + 2, k > 2t + 1 and q ≥ 3 by Lemma A.18 since |S| ≥ fa(q, n, k, t).
Hence, we find that every element of Sa, not through δ is contained in 〈δ, pi〉, and so Sa is contained
in Example 3.1. The theorem follows from the maximality of Sa.
5 Erdős-Ko-Rado result in AG(n, q)
In [11], the authors prove that the largest t-intersecting set of k-spaces in AG(n, q), with n ≥
2k + t + 2, is the set of all k-spaces through a fixed affine t-space. They use geometrical and
combinatorical techniques, but they do not use the connection between AG(n, q) and PG(n, q).
Below we give a shorter proof for this result, for n ≥ 2k + 1, by using the corresponding result in
PG(n, q).
Theorem 5.1. [9, Theorem 1] Let t and k be integers, with 0 ≤ t ≤ k. Let S be a set of k-spaces
in PG(n, q), pairwise intersecting in at least a t-space.
(i) If n ≥ 2k + 1, then |S| ≤
[
n−t
k−t
]
. Equality holds if and only if S is the set of all the k-spaces,
containing a fixed t-space of PG(n, q), or n = 2k+1 and S is the set of all the k-spaces in a
fixed (2k − t)-space.
(ii) If 2k − t ≤ n ≤ 2k, then |S| ≤
[
2k−t+1
k−t
]
. Equality holds if and only if S is the set of all the
k-spaces in a fixed (2k − t)-space.
Theorem 5.2. Let S be a set of k-spaces in AG(n, q), n ≥ 2k+1, k ≥ t ≥ 0, pairwise intersecting
in a t-space such that |S| is maximal, then S is a t-pencil.
Proof. Note first that the set of all affine k-spaces through a fixed affine t-space is a set of k-
spaces pairwise intersecting in at least a t-space with size
[
n−t
k−t
]
. Suppose now that there exists a
t-intersecting set S of k-spaces in AG(n, q) with at least
[
n−t
k−t
]
elements, which is not a t-pencil.
Every affine element α in S can be extended to the corresponding projective k-space α˜ in PG(n, q).
Let S˜ be the set of these extended k-spaces. Note that S˜ is a t-intersecting set of k-spaces in
PG(n, q) with |S˜| ≥
[
n−t
k−t
]
. It follows from Theorem 5.1 that n = 2k + 1 and that all elements of
S˜ are contained in a projective (2k − t)-space. Since the number of affine spaces in a projective
(2k − t)-space is
[
2k−t+1
k+1
]
−
[
2k−t
k+1
]
, we see that in this case |S| <
[
n−t
k−t
]
. Hence an affine t-pencil is
the only example of a set of pairwise t-intersecting k-spaces in AG(n, q) with size at least
[
n−t
k−t
]
.
A Appendix
We start with some bounds on the binomial Gaussian coefficient that will be usefull to prove the
inequalities used during the proofs in this article. For the proofs of these bounds we refer to [13,
Lemma 2.1, Lemma 2.2].
Lemma A.1. Let n ≥ k ≥ 0.
1. Let q ≥ 3. Then
[
n
k
]
≤ 2qk(n−k).
2. Let q ≥ 4. Then
[
n
k
]
≤
(
1 + 2
q
)
qk(n−k).
3. Let q ≥ 2 and n ≥ 1. Then θn ≤
qn+1
q−1 .
Let n > k > 0, then
[
n
k
]
≥
(
1 + 1
q
)
qk(n−k).
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Lemma A.2. For n > 2k − t, k > t and q ≥ 2 it holds that
2
[
n− t− 1
k − t− 1
]
+ (θt+1θk−t − θt+1 − 1)θk−t
[
n− t− 2
k − t− 2
]
≥
[
n− t− 1
k − t− 1
]
+ θt+1(θk−t − 1)θk−t
[
n− t− 2
k − t− 2
]
.
Proof. The inequality is equivalent to[
n− t− 1
k − t− 1
]
+ (θt+1θk−t − θt+1 − 1)θk−t
[
n− t− 2
k − t− 2
]
≥ θt+1(θk−t − 1)θk−t
[
n− t− 2
k − t− 2
]
⇔
[
n− t− 1
k − t− 1
]
≥ θk−t
[
n− t− 2
k − t− 2
]
⇔
qn−t−1 − 1
qk−t−1 − 1
≥
qk−t+1 − 1
q − 1
⇔ qn−t − qn−t−1 − q + 1 ≥ q2k−2t − qk−t+1 − qk−t−1 + 1
⇔
(
qn−t − qn−t−1 − q2k−2t
)
+
(
qk−t+1 − q
)
+ qk−t−1 ≥ 0
The last inequality holds since all terms in the left hand side of the last inequality are non negative
for n > 2k − t, k > t and q ≥ 2.
Lemma A.3. For n ≥ 2k − t, k > t and q ≥ 2 it holds that
2
[
n− t− 1
k − t− 1
]
+ (θt+1θk−t − θt+1 − θk−t)θk−t
[
n− t− 2
k − t− 2
]
≥
[
n− t− 1
k − t− 1
]
+ qθt(θk−t − 1)θk−t
[
n− t− 2
k − t− 2
]
.
Proof. The inequality is equivalent to[
n− t− 1
k − t− 1
]
+ (θt+1θk−t − θt+1 − θk−t)θk−t
[
n− t− 2
k − t− 2
]
≥ qθt(θk−t − 1)θk−t
[
n− t− 2
k − t− 2
]
⇔
[
n− t− 1
k − t− 1
]
≥ θk−t
[
n− t− 2
k − t− 2
]
⇔
qn−t−1 − 1
qk−t−1 − 1
≥
qk−t+1 − 1
q − 1
⇔ qn−t − qn−t−1 − q + 1 ≥ q2k−2t − qk−t+1 − qk−t−1 + 1
⇔
(
qn−t − qn−t−1 − q2k−2t
)
+
(
qk−t+1 − q
)
+ qk−t−1 ≥ 0
The last inequality holds since all terms in the left hand side of the last inequality are non negative
for n > 2k − t, k > t and q ≥ 2.
Lemma A.4. Let n > 2k − t, q ≥ 3 and consider Example 2.1 and Example 2.3 in PG(n, q).
The number of elements in Example 2.1 is larger than the number of elements in Example 2.3 if
k > 2t+ 2.
Proof. Let S2.1 and S2.3 be the set of elements in Example 2.1 and in Example 2.3 respectively.
Suppose that k > 2t+2. Then we have to prove that |S2.3| < |S2.1|. Suppose to the contrary that
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|S2.3| ≥ |S2.1|. Then[
n− t− 2
k − t− 2
](
1 + θt+2q
k−t−1 q
n−k − 1
qk−t−1 − 1
)
≥ θk+1 +
k−t−2∑
j=0
[
k − t+ 1
j + 1
]
q(k−t−j)(k−t−j−1)
[
n− k − 1
k − t− j − 1
]
j=0
==⇒
[
n− t− 2
k − t− 2
](
1 + θt+2q
k−t−1 q
n−k − 1
qk−t−1 − 1
)
> θk−tq
(k−t)(k−t−1)
[
n− k − 1
k − t− 1
]
L.A.1
====⇒ 2q(k−t−2)(n−k)
(
1 + θt+2q
k−t−1 q
n−k − 1
qk−t−1 − 1
)
>
(
1 +
1
q
)2
qk−t+(k−t)(k−t−1)+(k−t−1)(n−2k+t)
⇒ 2 + 2θt+2q
k−t−1 q
n−k − 1
qk−t−1 − 1
>
(
1 +
1
q
)2
qn−t
⇒ 2(q − 1)(qk−t−1 − 1) + 2(qt+3 − 1)qk−t−1(qn−k − 1) >
(
1 +
1
q
)2
(q − 1)(qk−t−1 − 1)qn−t
⇒ 2qk−t − 2qk−t−1 − 2q + 2 + 2qn+2 − 2qn−t−1 − 2qk+2 + 2qk−t−1
>
(
1 +
1
q
)2
(qn+k−2t − qn+k−2t−1 − qn−t+1 + qn−t)
≥ qn+k−2t + qn+k−2t−1 − qn+k−2t−2 − qn+k−2t−3 − qn−t+1 − qn−t + qn−t−1 + qn−t−2
⇒
(
2qn+2 + qn−t+1 − qn+k−2t
)
+
(
qn+k−2t−2 + qn+k−2t−3 + qn−t − qn+k−2t−1
)
+
(
2qk−t + 2− 2qk+2
)
+ (−2q − 3qn−t−1 − qn−t−2) > 0
In the left hand side of the last inequality all terms are at most zero for k > 2t + 2 and q ≥ 3.
Hence we find a contradiction which proves the statement.
Lemma A.5. Let n > 2k − t, k > t + 1, q ≥ 3 and consider Example 2.1 and Example 2.3
in PG(n, q). The number of elements in Example 2.3 is larger than the number of elements in
Example 2.1 if k < 2t+ 2.
Proof. Let S2.1 and S2.3 be the set of elements in Example 2.1 and in Example 2.3 respectively.
Suppose that k < 2t+2. Then we have to prove that |S2.3| > |S2.1|. Suppose to the contrary that
|S2.3| ≤ |S2.1|. Then[
n− t− 2
k − t− 2
](
1 + θt+2q
k−t−1 q
n−k − 1
qk−t−1 − 1
)
≤ θk+1 +
k−t−2∑
j=0
[
k − t+ 1
j + 1
]
q(k−t−j)(k−t−j−1)
[
n− k − 1
k − t− j − 1
]
< qk−t+1θt + θk−t
[
n− t− 1
k − t− 1
]
The last inequality follows since qk−t+1θt is the number of elements of S2.1 contained in 〈pi, δ〉 but
not containing δ. The second term θk−t
[
n−t−1
k−t−1
]
is the number of k-spaces through a (t+ 1)-space
in 〈pi, δ〉 through δ.
L.A.1
====⇒
(
1 +
1
q
)
q(n−k)(k−t−2)
(
θt+2q
k−t−1 q
n−k − 1
qk−t−1 − 1
)
< qk−t+1θt + 2θk−tq
(n−k)(k−t−1)
⇒
(
1 +
1
q
)
(qt+3 − 1)(qn−k − 1)qk−t−1 <
(qt+1 − 1)(qk−t−1 − 1)
q(n−k)(k−t−2)−k+t−1
+ 2(qk−t+1 − 1)(qk−t−1 − 1)qn−k
⇒ qn+2 + qk−t−1 + qn+1 + qk−t−2 − qn−t−1 − qk+2 − qn−t−2 − qk+1
< 2qn+k−2t + 2qn−k − 2qn−t−1 − 2qn−t+1 + qk−t+1−(n−k)(k−t−2)(qt+1 − 1)(qk−t−1 − 1)
⇒
(
qn+2 − 2qn+k−2t − qk−t+1−(n−k)(k−t−2)(qt+1 − 1)(qk−t−1 − 1)
)
+
(
qn+1 − qk+1 − qk+2
)
+
(
2qn−t−1 − qn−t−1 − qn−t−2
)
+
(
2qn−t+1 + qk−t−1 − 2qn−k
)
+ qk−t−2 < 0
Now, the contradiction follows since all terms in the left hand side of the last inequality are positive.
For the last four terms this follows immediately since n > 2k − t, k < 2t+ 2, k > t+ 1, q ≥ 3. We
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end this proof by proving that the first term is also positive. Since k ≥ t + 2 and n > 2k − t =
k + (k − t) ≥ k + 1 we have that
0 < (n− k − 1)(k − t− 1)
⇔ n+ 2 > 2k − t+ 1− (n− k)(k − t− 2)
⇒ qn+2 > q2k−t+1−(n−k)(k−t−2) > qk−t+1−(n−k)(k−t−2)(qt+1 − 1)(qk−t−1 − 1).
Lemma A.6. Let n > 2k − t, q ≥ 3, and consider Example 2.1 and Example 2.3 in PG(n, q).
The number of elements in Example 2.3 is larger than the number of elements in Example 2.1 if
k = 2t+ 2.
Proof. Let S2.1 and S2.3 be the set of elements in Example 2.1 and in Example 2.3 respectively.
Suppose that k = 2t+2, then we have to prove that |S2.3| ≥ |S2.1|. Consider the set S2.3, and let τ
be a t-space in PG(n, q), disjoint from Γ. Then we find that |S2.3| =
[
n−t−2
t
]
+
∑t
i=−1Ri(n, 2t+2, t),
with Ri(n, k, t) = {α ∈ S2.3| dim(α∩Γ) = t+1, dim(α∩τ) = i}. Since there are θt+2 (t+1)-spaces
in Γ, and
[
t+1
i+1
]
i-spaces in τ we have, by using Lemma 1.5, that
|S2.3| =
[
n− t− 2
t
]
+
t∑
i=−1
θt+2
[
t+ 1
i+ 1
](
q(t−i)
2
[
n− 2t− 2
t− i
]
− q(t−i)(t−i−1)
[
n− 2t− 3
t− i− 1
])
=
[
n− t− 2
t
]
+
t−1∑
i=−1
θt+2
[
t+ 1
i+ 1
]
q(t−i)(t−i−1)
[
n− 2t− 3
t− i− 1
]
qn−t−i−2 − 2qt−i + 1
qt−i − 1
+ θt+2
=
[
n− t− 2
t
]
+
t∑
j=0
θt+2
[
t+ 1
j
]
q(t+1−j)(t−j)
[
n− 2t− 3
t− j
]
qn−t−j−1 − 2qt−j+1 + 1
qt−j+1 − 1
+ θt+2.
(7)
On the other hand we have that
|S2.1| = θ2t+3 +
t∑
j=0
[
t+ 3
j + 1
]
q(t+2−j)(t+1−j)
[
n− 2t− 3
t+ 1− j
]
. (8)
From (7) and (8), it follows that |S2.3| − |S2.1| is equal to[
n− t− 2
t
]
+ θt+2 − θ2t+3︸ ︷︷ ︸
=w1
+
t∑
j=0
q(t+1−j)(t−j)
[
n− 2t− 3
t− j
][
t+ 1
j
]
qt+3 − 1
qt−j+1 − 1
w2,
with
w2 =
qn−t−j−1 − 2qt−j+1 + 1
q − 1
− q2(t+1−j)
(qn−3t−3+j − 1)(qt+2 − 1)
(qj+1 − 1)(qt+2−j − 1)
We will prove that w1 ≥ 0 and w2 ≥ 0, which proves that |S2.3| ≥ |S2.1| for k = 2t+ 2.
w1 =
[
n− t− 2
t
]
+ θt+2 − θ2t+3
L.A.1
≥
(
1 +
1
q
)
q(n−2t−2)t + θt+2 −
q2t+4
q − 1
≥
1
q(q − 1)
(
q(n−2t−2)t+2 − q(n−2t−2)t − q2t+5
)
+ θt+2
It is sufficient to prove that q(n−2t−2)t+2 > q2t+5. This inequality holds for n > 2t + 4 + 3
t
. For
t > 1 this assumption holds since n > 2k − t = 3t + 4. If t = 1 and n > 9 we also find that
q(n−2t−2)t+2 > q2t+5. For n = 9 and t = 1, we find that w1 = θ3 > 0. In the last remaining case;
n = 8, t = 1, we have that w1 < 0. For this case, we used a computer algebra packet to calculate
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both numbers |S2.3|, |S2.1| to see that |S2.3| ≥ |S2.1|.
w2 =
qn−t−j−1 − 2qt−j+1 + 1
q − 1
− q2(t+1−j)
(qn−3t−3+j − 1)(qt+2 − 1)
(qj+1 − 1)(qt+2−j − 1)
=
(
qn−j+1 + qn−t−j − qn−t − qn−2j+1
)
+
(
q3t−2j+5 − 2q2t−j+4 − q3t−2j+4
)
(q − 1)(qj+1 − 1)(qt+2−j − 1)
+
(
2qt+2 − 2qt−j+1
)
+
(
qt+3 − qj+1 − qt−j+2
)
+ q2t−2j+2 + q2t−2j+3 + 1
(q − 1)(qj+1 − 1)(qt+2−j − 1)
For 0 ≤ j ≤ t, we find that both the nominator and denominator are positive, since we have that
q ≥ 3. So w2 ≥ 0. Hence, we have that |S2.3| > |S2.1|.
Lemma A.7. Let n > 2k − t, q ≥ 3 and consider Example 3.1 and Example 3.3 in AG(n, q).
The number of elements in Example 3.1 is larger than the number of elements in Example 3.3 if
k > 2t+ 1.
Proof. Let R3.1 and R3.3 be the set of elements in Example 3.1 and in Example 3.3 respectively.
Suppose that k > 2t+1. Then we have to prove that |R3.3| < |R3.1|. Suppose to the contrary that
|R3.3| ≥ |R3.1|. Then[
n− t− 2
k − t− 2
](
1 + θt+1q
k−t−1 q
n−k − 1
qk−t−1 − 1
)
≥ θk +
k−t−2∑
j=0
[
k − t+ 1
j + 1
]
q(k−t−j)(k−t−j−1)
[
n− k − 1
k − t− j − 1
]
j=0
==⇒
[
n− t− 2
k − t− 2
](
1 + θt+1q
k−t−1 q
n−k − 1
qk−t−1 − 1
)
> θk−tq
(k−t)(k−t−1)
[
n− k − 1
k − t− 1
]
L.A.1
====⇒ 2q(k−t−2)(n−k)
(
1 + θt+1q
k−t−1 q
n−k − 1
qk−t−1 − 1
)
>
(
1 +
1
q
)2
qk−t+(k−t)(k−t−1)+(k−t−1)(n−2k+t)
⇒ 2 + 2θt+1q
k−t−1 q
n−k − 1
qk−t−1 − 1
>
(
1 +
1
q
)2
qn−t
⇒ 2(q − 1)(qk−t−1 − 1) + 2(qt+2 − 1)qk−t−1(qn−k − 1) >
(
1 +
1
q
)2
(q − 1)(qk−t−1 − 1)qn−t
⇒ 2qk−t − 2qk−t−1 − 2q + 2 + 2qn+1 − 2qn−t−1 − 2qk+1 + 2qk−t−1
>
(
1 +
1
q
)2
(qn+k−2t − qn+k−2t−1 − qn−t+1 + qn−t)
≥ qn+k−2t + qn+k−2t−1 − qn+k−2t−2 − qn+k−2t−3 − qn−t+1 − qn−t + qn−t−1 + qn−t−2
⇒
(
2qn+1 + qn−t+1 − qn+k−2t
)
+
(
qn+k−2t−2 + qn+k−2t−3 + qn−t − qn+k−2t−1
)
+
(
2qk−t + 2− 2qk+1
)
+ (−2q − 3qn−t−1 − qn−t−2) > 0
In the left hand side of the last inequality all terms are at most zero for k > 2t + 1 and q ≥ 3.
Hence we find a contradiction which proves the statement.
Lemma A.8. Let n > 2k − t, k > t + 1, q ≥ 3 and consider Example 3.1 and Example 3.3
in AG(n, q). The number of elements in Example 3.3 is larger than the number of elements in
Example 3.1 if k < 2t+ 1.
Proof. Let R3.1 and R3.3 be the set of elements in Example 3.1 and in Example 3.3 respectively.
Suppose that k < 2t+1. Then we have to prove that |R3.3| > |R3.1|. Suppose to the contrary that
|R3.3| ≤ |R3.1|. Then[
n− t− 2
k − t− 2
](
1 + θt+1q
k−t−1 q
n−k − 1
qk−t−1 − 1
)
≤ θk +
k−t−2∑
j=0
[
k − t+ 1
j + 1
]
q(k−t−j)(k−t−j−1)
[
n− k − 1
k − t− j − 1
]
< qk−t+1θt + θk−t
[
n− t− 1
k − t− 1
]
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The last inequality follows since qk−t+1θt− 1 is the number of elements of R3.1 contained in 〈pi, δ〉
but not containing δ. The second term θk−t
[
n−t−1
k−t−1
]
is the number of k-spaces through a (t+1)-space
in 〈pi, δ〉 through δ.
L.A.1
====⇒
(
1 +
1
q
)
q(n−k)(k−t−2)
(
θt+1q
k−t−1 q
n−k − 1
qk−t−1 − 1
)
< qk−t+1θt + 2θk−tq
(n−k)(k−t−1)
⇒
(
1 +
1
q
)
(qt+2 − 1)(qn−k − 1)qk−t−1 <
(qt+1 − 1)(qk−t−1 − 1)
q(n−k)(k−t−2)−k+t−1
+ 2(qk−t+1 − 1)(qk−t−1 − 1)qn−k
⇒ qn+1 + qk−t−1 + qn + qk−t−2 − qn−t−1 − qk+1 − qn−t−2 − qk
< 2qn+k−2t + 2qn−k − 2qn−t−1 − 2qn−t+1 +
qk−t+1(qt+1 − 1)(qk−t−1 − 1)
q(n−k)(k−t−2)
⇒
(
qn+1 − 2qn+k−2t − qk−t+1−(n−k)(k−t−2)(qt+1 − 1)(qk−t−1 − 1)
)
+
(
qn − qn−k − qk+1 − qk
)
+
(
2qn−t−1 − qn−t−1 − qn−t−2
)
+
(
2qn−t+1 + qk−t−1 + qk−t−2 − qn−k
)
< 0
Now, the contradiction follows since all terms in the left hand side of the last inequality are positive.
For the last three terms this follows immediately since n > 2k− t, k < 2t+ 1, k > t+ 1, q ≥ 3. We
end this proof by proving that the first term is also positive. Since k ≥ t + 2 and n > 2k − t =
k + (k − t) ≥ k + 2 we have that
1 < (n− k − 1)(k − t− 1)
⇔ n+ 1 > 2k − t+ 1− (n− k)(k − t− 2)
⇒ qn+1 > q2k−t+1−(n−k)(k−t−2) > qk−t+1−(n−k)(k−t−2)(qt+1 − 1)(qk−t−1 − 1).
Lemma A.9. Let n > 2k− t, q ≥ 3, and consider Example 3.1 and Example 3.3 in AG(n, q). The
number of elements in Example 3.3 is at least the number of elements in Example 3.1 if k = 2t+1.
Proof. Let R3.1 and R3.3 be the set of elements in Example 3.1 and in Example 3.3 respectively.
Suppose that k = 2t + 1, then we have to prove that |R3.3| ≥ |R3.1|. Consider the set R3.3,
and let τ be a (t − 1)-space in AG(n, q), disjoint from Γ. Then we find that |R3.3| =
[
n−t−2
t−1
]
+∑t−1
i=−1 Ri(n, 2t + 1, t), with Ri(n, k, t) = {α ∈ R3.3|α ∩ Γ ∈ R, dim(α˜ ∩ τ˜) = i}. Since there are
θt+1 affine (t + 1)-spaces in R, and
[
t
i+1
]
projective i-spaces in τ we have, by using Lemma 1.5,
that
|R3.3| =
[
n− t− 2
t− 1
]
+
t−1∑
i=−1
θt+1
[
t
i+ 1
](
q(t−i−1)
2
[
n− 2t− 1
t− i− 1
]
− q(t−i−1)(t−i−2)
[
n− 2t− 2
t− i− 2
])
=
[
n− t− 2
t− 1
]
+
t−2∑
i=−1
θt+1
[
t
i+ 1
]
q(t−i−1)(t−i−2)
[
n− 2t− 2
t− i− 2
]
qn−t−i−2 − 2qt−i−1 + 1
qt−i−1 − 1
+ θt+1
=
[
n− t− 2
t− 1
]
+
t−1∑
j=0
θt+1
[
t
j
]
q(t−j)(t−j−1)
[
n− 2t− 2
t− j − 1
]
qn−t−j−1 − 2qt−j + 1
qt−j − 1
+ θt+1. (9)
On the other hand we find have that
|R3.1| = θ2t+1 +
t−1∑
j=0
[
t+ 2
j + 1
]
q(t+1−j)(t−j)
[
n− 2t− 2
t− j
]
. (10)
Hence, it follows that
|R3.3| − |R3.1| =
[
n− t− 2
t− 1
]
+ θt+1 − θ2t+1︸ ︷︷ ︸
=w1
+
t−1∑
j=0
q(t−j)(t−j−1)
[
n− 2t− 2
t− j
][
t
j
]
(qt+2 − 1)w2,
with
w2 =
qn−t−j−1 − 2qt−j + 1
(q − 1)(qn−3t+j−1 − 1)
−
qt+1 − 1
(qj+1 − 1)(qt−j+1 − 1)
q2(t−j).
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We will prove that w1 ≥ 0 and w2 ≥ 0, which proves that |R3.3| ≥ |R3.1| for k = 2t+ 1.
w1 =
[
n− t− 2
t− 1
]
+ θt+1 − θ2t+1
L.A.1
≥
(
1 +
1
q
)
q(n−2t−1)(t−1) + θt+1 −
q2t+2
q − 1
=
1
q(q − 1)
(
q(n−2t−1)(t−1)+2 − q(n−2t−1)(t−1) − q2t+3
)
+ θt+1.
It is sufficient to prove that q(n−2t−1)(t−1)+2 > q2t+3. This inequality holds for n > 2t+ 3t
t−1 .
For t > 2 this assumption holds since n > 2k − t = 3t + 2. For t = 2, the assumption holds for
n > 10. For t = 2, n = 10, we have that w1 = θ5 + θ3 − θ5 > 0.
Since n > 2k − t = 3t + 2, the only remaining cases, are t = 2 and n = 9, and t = 1
and n > 5. In these cases, we immediately calculate |R3.3| − |R3.1|. For t = 2, n = 9, we
have that |R3.3| − |R3.1| = q9 + 2q8 + 3q7 + 2q6 + q5 > 0. For t = 1, n > 5, we have that
|R3.3| = |R3.1| = 1 + qθ2θn−4. Now we investigate w2:
w2 =
qn−t−j−1 − 2qt−j + 1
(q − 1)(qn−3t+j−1 − 1)
−
qt+1 − 1
(qj+1 − 1)(qt−j+1 − 1)
q2(t−j)
=
(qj+1 − 1)(qt−j+1 − 1)(qn−t−j−1 − 2qt−j + 1)− (q − 1)(qn−3t+j−1 − 1)(qt+1 − 1)q2(t−j)
(q − 1)(qn−3t+j−1 − 1)(qj+1 − 1)(qt−j+1 − 1)
=
(
qn−j + qn−j−t − qn−t − qn−2j
)
+
(
q3t−2j+2 − q3t−2j+1 − 2q2t−j+2
)
(q − 1)(qn−3t+j−1 − 1)(qj+1 − 1)(qt−j+1 − 1)
+
(
qt+2 + 2qt+1 − qt−j+1 − 2qt−j − qj+1
)
+ q2t−2j+1 + q2t−2j + 1
(q − 1)(qn−3t+j−1 − 1)(qj+1 − 1)(qt−j+1 − 1)
.
As 0 ≤ j ≤ t− 1 and q ≥ 3 we find that all terms in the denominator are at least 0, which proves
that w2 ≥ 0. Hence, we find that |R3.3| ≥ |R3.1|.
Lemma A.10. Suppose n > 2k + t+ 2, q ≥ 3, k > t+ 1, t > 0, then
(θk−t)
x
[
n− t− x
k − t− x
][
t+ x+ 1
t+ 1
]
< (θk−t)
2
[
n− t− 2
k − t− 2
][
t+ 3
t+ 1
]
for all x > 2.
Proof. Suppose to the contrary that
(θk−t)
x
[
n− t− x
k − t− x
][
t+ x+ 1
t+ 1
]
≥ (θk−t)
2
[
n− t− 2
k − t− 2
][
t+ 3
t+ 1
]
L.A.1
====⇒
q(k−t+1)(x−2)
(q − 1)x−2
22q(n−k)(k−t−x)+x(t+1) >
(
1 +
1
q
)2
q(n−k)(k−t−2)+2(t+1)
⇒ 4 >
(
1 +
1
q
)2
(q − 1)x−2q(x−2)(n−2k−2)
n>2k+t+2
=======⇒
x>2,t>0
4 >
(
1 +
1
q
)2
(q − 1)q.
The last inequality gives a contradiction for q ≥ 3.
Lemma A.11. Suppose k > t+1, t > 0, q ≥ 4, and n > 2k+ t+2, (or q = 3 and n > 2k+ t+3),
then
(θk−t)
x
[
n− t− x
k − t− x
][
t+ x+ 1
t+ 1
]
< fp(q, n, k, t)
for all x ≥ 2.
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Proof. From Lemma A.10 it follows that it is sufficient to prove the lemma for x = 2. Hence we
have to prove the following inequalities:
(θk−t)
2
[
n− t− 2
k − t− 2
][
t+ 3
t+ 1
]
<
[
n− t− 2
k − t− 2
](
1 + θt+2q
k−t−1 q
n−k − 1
qk−t−1 − 1
)
for k ≤ 2t+ 2;
(11)
(θk−t)
2
[
n− t− 2
k − t− 2
][
t+ 3
t+ 1
]
< θk+1 +
k−t−2∑
j=0
[
k − t+ 1
j + 1
]
q(k−t−j)(k−t−j−1)
[
n− k − 1
k − t− j − 1
]
for k > 2t+ 2.
(12)
We start by proving inequality (11). Suppose to the contrary that this inequality does not hold.
Then we have that
(θk−t)
2
[
t+ 3
t+ 1
]
≥ 1 + θt+2q
k−t−1 q
n−k − 1
qk−t−1 − 1
L.A.1
====⇒
q2k−2t+2
(q − 1)2
2q2t+2 >
qt+3 − 1
q − 1
qk−t−1
qn−k − 1
qk−t−1 − 1
n>2k+t+2
=======⇒ 2qk+t+5(qk−t−1 − 1) > (q − 1)(qt+3 − 1)(qn−k − 1) ≥ (q − 1)(qt+3 − 1)(qk+t+3 − 1)
⇒ 0 > (qk+2t+7 − qk+2t+6 − 2q2k+4) + (2qk+t+5 − qt+4 − qk+t+4 − 1) + qt+3 + qk+t+3 + q.
All terms in the right hand side of the last inequality are non negative since k ≤ 2t+2 and q ≥ 3.
Hence we have a contradiction which proves (11).
Now we prove inequality (12). Suppose again to the contrary that this inequality does not hold.
Then we have that
(θk−t)
2
[
n− t− 2
k − t− 2
][
t+ 3
t+ 1
]
≥ θk+1 +
k−t−2∑
j=0
[
k − t+ 1
j + 1
]
q(k−t−j)(k−t−j−1)
[
n− k − 1
k − t− j − 1
]
j=0
==⇒ (θk−t)
2
[
n− t− 2
k − t− 2
][
t+ 3
t+ 1
]
> θk+1 + θk−tq
(k−t)(k−t−1)
[
n− k − 1
k − t− 1
]
⇒ θk−t
[
n− t− 2
k − t− 2
][
t+ 3
t+ 1
]
> q(k−t)(k−t−1)
[
n− k − 1
k − t− 1
]
(13)
L.A.1
====⇒
qk−t+1
q − 1
2q(n−k)(k−t−2)2q2t+2 > q(k−t)(k−t−1)
(
1 +
1
q
)
q(n−2k+t)(k−t−1)
⇔ 4 > (q − 1) (q + 1) qn−2k−t−4.
For n ≥ 2k+t+4 we have that the last inequality gives a contradiction for q ≥ 3. For n = 2k+t+3
we find a contradiction for q ≥ 5. Hence, we still have to prove inequality (12) for n = 2k + t+ 3
and q = 4.
For n = 2k + t+ 3 and q = 4 it follows, by using Lemma A.1 in equation (13), that
qk−t+1
q − 1
(
1 +
2
q
)
q2t+2
(
1 +
2
q
)
q(n−k)(k−t−2) > q(k−t)(k−t−1)
(
1 +
1
q
)
q(n−2k+t)(k−t−1)
⇔ (q + 2)2 > (q − 1) (q + 1) q.
This gives a contradiction for q = 4.
Lemma A.12. Suppose n > 2k + t+ 2, q ≥ 3, k > t+ 1, t > 0, then
(θk−t)
x
[
n− t− x
k − t− x
]
qx
[
t+ x
x
]
< (θk−t)
2
[
n− t− 2
k − t− 2
]
q2
[
t+ 2
2
]
for all x > 2.
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Proof. Suppose to the contrary that
(θk−t)
x
[
n− t− x
k − t− x
]
qx
[
t+ x
x
]
≥ (θk−t)
2
[
n− t− 2
k − t− 2
]
q2
[
t+ 2
2
]
L.A.1
====⇒
q(k−t+1)(x−2)
(q − 1)x−2
4q(n−k)(k−t−x)+x+xt >
(
1 +
1
q
)2
q(n−k)(k−t−2)+2+2t
⇒ 4 >
(
1 +
1
q
)2
(q − 1)x−2q(x−2)(n−2k−2)
n>2k+t+2
=======⇒
x>2,t>0
4 >
(
1 +
1
q
)2
(q − 1)q.
The last inequality gives a contradiction for q ≥ 3.
Lemma A.13. Suppose Suppose k > t + 1, t > 0, q ≥ 4, and n > 2k + t + 2, (or q = 3 and
n > 2k + t+ 3), then
(θk−t)
x
[
n− t− x
k − t− x
]
qx
[
t+ x
x
]
< fa(q, n, k, t)
for all x ≥ 2.
Proof. From Lemma A.12 it follows that it is sufficient to prove the lemma for x = 2. Hence we
have to prove the following inequalities:
(θk−t)
2
[
n− t− 2
k − t− 2
]
q2
[
t+ 2
2
]
<
[
n− t− 2
k − t− 2
](
1 + θt+1q
k−t−1 q
n−k − 1
qk−t−1 − 1
)
for k ≤ 2t+ 1;
(14)
(θk−t)
2
[
n− t− 2
k − t− 2
]
q2
[
t+ 2
2
]
< θk +
k−t−2∑
j=0
[
k − t+ 1
j + 1
]
q(k−t−j)(k−t−j−1)
[
n− k − 1
k − t− j − 1
]
for k > 2t+ 1.
(15)
We start by proving inequality (14). Suppose to the contrary that this inequality doesn’t hold.
Then we have that
(θk−t)
2
[
t+ 2
2
]
q2 ≥ 1 + θt+1q
k−t−1 q
n−k − 1
qk−t−1 − 1
L.A.1
====⇒
q2k−2t+2
(q − 1)2
2q2t+2 >
qt+2 − 1
q − 1
qk−t−1
qn−k − 1
qk−t−1 − 1
n>2k+t+2
=======⇒ 2qk+t+5(qk−t−1 − 1) > (q − 1)(qt+2 − 1)(qn−k − 1) > (q − 1)(qt+2 − 1)(qk+t+3 − 1)
⇒ 0 > (qk+2t+6 − qk+2t+5 − 2q2k+4) + (2qk+t+5 − qt+3 − qk+t+4 − 1) + qt+2 + qk+t+3 + q.
All terms in the right hand side of the last inequality are non negative since k ≤ 2t+1 and q ≥ 3.
Hence we have a contradiction which proves (14).
Now we prove inequality (15). Suppose again to the contrary that this inequality doesn’t hold.
Then we have that
(θk−t)
2
[
n− t− 2
k − t− 2
]
q2
[
t+ 2
2
]
≥ θk +
k−t−2∑
j=0
[
k − t+ 1
j + 1
]
q(k−t−j)(k−t−j−1)
[
n− k − 1
k − t− j − 1
]
j=0
==⇒ (θk−t)
2
[
n− t− 2
k − t− 2
]
q2
[
t+ 2
2
]
> θk + θk−tq
(k−t)(k−t−1)
[
n− k − 1
k − t− 1
]
⇒ θk−t
[
n− t− 2
k − t− 2
]
q2
[
t+ 2
2
]
> q(k−t)(k−t−1)
[
n− k − 1
k − t− 1
]
(16)
L.A.1
====⇒
qk−t+1
q − 1
2q(n−k)(k−t−2)2q2t+2 > q(k−t)(k−t−1)
(
1 +
1
q
)
q(n−2k+t)(k−t−1)
⇔ 4 > (q − 1) (q + 1) qn−2k−t−4.
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For n ≥ 2k+t+4 we have that the last inequality gives a contradiction for q ≥ 3. For n = 2k+t+3
we find a contradiction for q ≥ 5. Hence, we still have to prove inequality (15) for n = 2k + t+ 3
and q = 4.
For n = 2k + t+ 3 and q = 4 there follows, by using Lemma A.1 in equation (16) that
qk−t+1
q − 1
(
1 +
2
q
)
q2t+2
(
1 +
2
q
)
q(n−k)(k−t−2) > q(k−t)(k−t−1)
(
1 +
1
q
)
q(n−2k+t)(k−t−1)
⇔ (q + 2)2 > (q − 1) (q + 1) q.
This gives a contradiction for q = 4.
Lemma A.14. Suppose n > 2k + t+ 2, q ≥ 3, k > t+ 1, t > 0, then
2
[
n− t− 1
k − t− 1
]
+ (θt+1θk−t − θt+1 − 1)θk−t
[
n− t− 2
k − t− 2
]
< fp(q, n, k, t).
Proof. We have to prove the following inequalities:
2
[
n− t− 1
k − t− 1
]
+ (θt+1θk−t − θt+1 − 1)θk−t
[
n− t− 2
k − t− 2
]
<
[
n− t− 2
k − t− 2
](
1 + θt+2q
k−t−1 q
n−k − 1
qk−t−1 − 1
)
for k ≤ 2t+ 2; (17)
2
[
n− t− 1
k − t− 1
]
+ (θt+1θk−t − θt+1 − 1)θk−t
[
n− t− 2
k − t− 2
]
< θk+1 +
k−t−2∑
j=0
[
k − t+ 1
j + 1
]
q(k−t−j)(k−t−j−1)
[
n− k − 1
k − t− j − 1
]
for k > 2t+ 2. (18)
We start by proving inequality (17). Suppose to the contrary that this inequality doesn’t hold.
Then we have that
2
[
n− t− 1
k − t− 1
]
+ (θt+1θk−t − θt+1 − 1)θk−t
[
n− t− 2
k − t− 2
]
≥
[
n− t− 2
k − t− 2
](
1 + θt+2q
k−t−1 q
n−k − 1
qk−t−1 − 1
)
⇔ 2
qn−t−1 − 1
qk−t−1 − 1
+ (θt+1θk−t − θt+1 − 1)θk−t ≥ 1 + θt+2q
k−t−1 q
n−k − 1
qk−t−1 − 1
⇒ 2(qn−t−1 − 1) + (qk−t−1 − 1)(θt+1θk−t − θt+1 − 1)θk−t ≥ θt+2q
k−t−1(qn−k − 1)
L.A.1
====⇒ 2(qn−t−1 − 1)(q − 1) + (qk−t−1 − 1)(qk−t+1 − 1)
qk+3
(q − 1)2
> (qt+3 − 1)qk−t−1(qn−k − 1)
⇒ 2qn−t − 2qn−t−1 − 2q + 2 +
q3k−2t+3
(q − 1)2
> qn+2 − qn−t−1 − qk+2 + qk−t−1
⇒ 0 >
(
qn+2 −
q3k−2t+3
(q − 1)2
− 2qn−t
)
+
(
qn−t−1 − qk+2 − 2
)
+ qk−t−1 + 2q
n≥2k+t+3
=======⇒
k≤2t+2
0 >
(
q2k+3(qt+2 − 2)−
q2k+5
(q − 1)2
)
+
(
q2k+2 − qk+2 − 2
)
+ qk−t−1 + 2q.
For q ≥ 3, we have that all terms on the right hand side of the last inequality are non negative.
Hence we find a contradiction, which proves (17).
Now we prove inequality (18) for k > 2t+2. Suppose again to the contrary that this inequality
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doesn’t hold. Then we have that
2
[
n− t− 1
k − t− 1
]
+ (θt+1θk−t − θt+1 − 1)θk−t
[
n− t− 2
k − t− 2
]
≥ θk+1 +
k−t−2∑
j=0
[
k − t+ 1
j + 1
]
q(k−t−j)(k−t−j−1)
[
n− k − 1
k − t− j − 1
]
j=0
==⇒ 2
[
n− t− 1
k − t− 1
]
+ (θt+1θk−t − θt+1 − 1)θk−t
[
n− t− 2
k − t− 2
]
≥ θk−tq
(k−t)(k−t−1)
[
n− k − 1
k − t− 1
]
L.A.1
====⇒ 4q(n−k)(k−t−1) +
q2k−t+4
(q − 1)3
2q(n−k)(k−t−2) ≥ θk−tq
(k−t)(k−t−1)
(
1 +
1
q
)
q(n−2k+t)(k−t−1)
⇒ 4 +
2
qn−3k+t−4(q − 1)3
≥ θk−t
(
1 +
1
q
)
> θk−t + 4
n≥2k+t+3
=======⇒
2qk−2t+1
(q − 1)2
> qk−t+1 − 1
q≥3
==⇒ qk−2t+1 > qk−t+1 − 1.
The last inequality gives a contradiction for q ≥ 3, t > 0.
Lemma A.15. Suppose n > 2k + t+ 2, q ≥ 3, k > t+ 1, t > 0, then
2
[
n− t− 1
k − t− 1
]
+ (θt+1θk−t − θt+1 − θk−t)θk−t
[
n− t− 2
k − t− 2
]
< fa(q, n, k, t).
Proof. We have to prove the following inequalities:
2
[
n− t− 1
k − t− 1
]
+ (θt+1θk−t − θt+1 − θk−t)θk−t
[
n− t− 2
k − t− 2
]
<
[
n− t− 2
k − t− 2
](
1 + θt+1q
k−t−1 q
n−k − 1
qk−t−1 − 1
)
for k ≤ 2t+ 1; (19)
2
[
n− t− 1
k − t− 1
]
+ (θt+1θk−t − θt+1 − θk−t)θk−t
[
n− t− 2
k − t− 2
]
< θk +
k−t−2∑
j=0
[
k − t+ 1
j + 1
]
q(k−t−j)(k−t−j−1)
[
n− k − 1
k − t− j − 1
]
for k > 2t+ 1. (20)
We start by proving inequality (19). Suppose to the contrary that this inequality doesn’t hold.
Then we have that
2
[
n− t− 1
k − t− 1
]
+ (θt+1θk−t − θt+1 − θk−t)θk−t
[
n− t− 2
k − t− 2
]
≥
[
n− t− 2
k − t− 2
](
1 + θt+1q
k−t−1 q
n−k − 1
qk−t−1 − 1
)
⇔ 2
qn−t−1 − 1
qk−t−1 − 1
+ (θt+1θk−t − θt+1 − θk−t)θk−t ≥ 1 + θt+1q
k−t−1 q
n−k − 1
qk−t−1 − 1
⇒ 2(qn−t−1 − 1) + (qk−t−1 − 1)(θt+1θk−t − θt+1 − θk−t)θk−t > θt+1q
k−t−1(qn−k − 1)
L.A.1
====⇒ 2(qn−t−1 − 1)(q − 1) + (qk−t−1 − 1)(qk−t+1 − 1)
qk+3
(q − 1)2
> (qt+2 − 1)qk−t−1(qn−k − 1)
⇒ 2qn−t − 2qn−t−1 − 2q + 2 +
q3k−2t+3
(q − 1)2
> qn+1 − qn−t−1 − qk+1 + qk−t−1
⇒ 0 >
(
qn+1 −
q3k−2t+3
(q − 1)2
− 2qn−t
)
+
(
qn−t−1 − qk+1 − 2
)
+ qk−t−1 + 2q
n≥2k+t+3
=======⇒
k≤2t+1
0 >
(
q2k+3(qt+1 − 2)−
q2k+4
(q − 1)2
)
+
(
q2k+2 − qk+1 − 2
)
+ qk−t−1 + 2q.
For q ≥ 3, we have that all terms on the right hand side of the last inequality are non negative.
Hence we find a contradiction, which proves (19).
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Now we prove inequality (20). Suppose again to the contrary that this inequality doesn’t hold.
Then we have that
2
[
n− t− 1
k − t− 1
]
+ (θt+1θk−t − θt+1 − θk−t)θk−t
[
n− t− 2
k − t− 2
]
≥ θk +
k−t−2∑
j=0
[
k − t+ 1
j + 1
]
q(k−t−j)(k−t−j−1)
[
n− k − 1
k − t− j − 1
]
j=0
==⇒ 2
[
n− t− 1
k − t− 1
]
+ (θt+1θk−t − θt+1 − θk−t)θk−t
[
n− t− 2
k − t− 2
]
≥ θk−tq
(k−t)(k−t−1)
[
n− k − 1
k − t− 1
]
L.A.1
====⇒ 4q(n−k)(k−t−1) +
q2k−t+4
(q − 1)3
2q(n−k)(k−t−2) ≥ θk−tq
(k−t)(k−t−1)
(
1 +
1
q
)
q(n−2k+t)(k−t−1)
⇒ 4 +
2
qn−3k+t−4(q − 1)3
≥ θk−t
(
1 +
1
q
)
> θk−t + 4
n≥2k+t+3
=======⇒
2qk−2t+1
(q − 1)2
> qk−t+1 − 1
q≥3
==⇒ qk−2t+1 > qk−t+1 − 1.
The last inequality gives a contradiction for q ≥ 3.
Lemma A.16. Suppose that n > 2k + t + 2, k > 2t+ 2, 2 ≤ x ≤ k − t + 1, t > 0. Then we have
that
θk+1 +
k−t−2∑
j=0
[
k − t+ 1
j + 1
]
q(k−t−j)(k−t−j−1)
[
n− k − 1
k − t− j − 1
]
> θt+x
[
n− t− x+ 1
k − t− x+ 1
]
+ θ2k−t
[
n− t− 2
k − t− 2
]
+ θk−t−1
[
n− t− 1
k − t− 1
]
.
Proof. We first prove that θt+x+1
[
n−t−x
k−t−x
]
< θt+x
[
n−t−x+1
k−t−x+1
]
for 2 ≤ x < k − t+ 1.
θt+x+1
[
n− t− x
k − t− x
]
< θt+x
[
n− t− x+ 1
k − t− x+ 1
]
⇔ qt+x+2 − 1 < (qt+x+1 − 1)
qn−t−x+1 − 1
qk−t−x+1 − 1
⇔ qk+3 − qt+x+2 − qk−t−x+1 < qn+2 − qn−t−x+1 − qt+x+1
⇔ −qt+x+2 − qk−t−x+1 < qn+2 − qn−t−x+1 − qt+x+1 − qk+3.
Note that the right hand side of the last inequality is positive for q ≥ 3, which proves the inequality.
Suppose now to the contrary that the inequality in the statement of the lemma doesn’t hold.
Then we have from the previous observation that
θk+1 +
k−t−2∑
j=0
[
k − t+ 1
j + 1
]
q(k−t−j)(k−t−j−1)
[
n− k − 1
k − t− j − 1
]
≤ θt+x
[
n− t− x+ 1
k − t− x+ 1
]
+ θ2k−t
[
n− t− 2
k − t− 2
]
+ θk−t−1
[
n− t− 1
k − t− 1
]
j=0
==⇒ θk−tq
(k−t)(k−t−1)
[
n− k − 1
k − t− 1
]
< θt+2
[
n− t− 1
k − t− 1
]
+ θ2k−t
[
n− t− 2
k − t− 2
]
+ θk−t−1
[
n− t− 1
k − t− 1
]
L.A.1
====⇒
qk−t+1 − 1
q − 1
q(k−t)(k−t−1)
(
1 +
1
q
)
q(n−2k+t)(k−t−1)
<
qt+3 − 1
q − 1
2q(n−k)(k−t−1) +
(qk−t+1 − 1)2
(q − 1)2
2q(n−k)(k−t−2) +
qk−t − 1
q − 1
2q(n−k)(k−t−1)
⇒ (qk−t+1 − 1)
(
1 +
1
q
)
< 2(qt+3 − 1) + 2
(qk−t+1 − 1)2
qn−k(q − 1)
+ 2(qk−t − 1)
⇒
(
qk−t+1 − 2qt+3 − 2qk−t
)
+
(
qk−t + 3−
1
q
− 2
(qk−t+1 − 1)2
qn−k(q − 1)
)
< 0
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For k > 2t+ 3, q ≥ 3 and n > 2k+ t+ 2 both terms in the left hand side of the last inequality are
non negative, which gives a contradiction. For k = 2t+ 3 we have
(
qt+4 − 3qt+3
)
+
(
3−
1
q
− 2
(qt+4 − 1)2
qn−2t−3(q − 1)
)
< 0
n≥5t+9
=====⇒
(
qt+4 − 3qt+3
)
+
(
3−
1
q
− 2
(qt+4 − 1)2
q3t+7(q − 1)
)
< 0,
which also gives a contradiction for q ≥ 3 and t > 0.
Lemma A.17. Suppose that n > 2k + t+ 2, k > 2t+ 1, 3 ≤ x ≤ k − t+ 1, t > 0, q ≥ 3. Then we
have that
θk +
k−t−2∑
j=0
[
k − t+ 1
j + 1
]
q(k−t−j)(k−t−j−1)
[
n− k − 1
k − t− j − 1
]
> θt+x
[
n− t− x+ 1
k − t− x+ 1
]
+ θ2k−t
[
n− t− 2
k − t− 2
]
+ θk−t−1
[
n− t− 1
k − t− 1
]
.
Proof. From the proof of Lemma A.16, we know that θt+x+1
[
n−t−x
k−t−x
]
< θt+x
[
n−t−x+1
k−t−x+1
]
for 3 ≤ x <
k − t+ 1.
Suppose now to the contrary that the inequality in the statement of the lemma doesn’t hold.
Then we have from the previous observation that
θk +
k−t−2∑
j=0
[
k − t+ 1
j + 1
]
q(k−t−j)(k−t−j−1)
[
n− k − 1
k − t− j − 1
]
≤ θt+x
[
n− t− x+ 1
k − t− x+ 1
]
+ θ2k−t
[
n− t− 2
k − t− 2
]
+ θk−t−1
[
n− t− 1
k − t− 1
]
j=0
==⇒
x≥3
θk−tq
(k−t)(k−t−1)
[
n− k − 1
k − t− 1
]
< θt+3
[
n− t− 2
k − t− 2
]
+ θ2k−t
[
n− t− 2
k − t− 2
]
+ θk−t−1
[
n− t− 1
k − t− 1
]
L.A.1
====⇒
qk−t+1 − 1
q − 1
q(k−t)(k−t−1)
(
1 +
1
q
)
q(n−2k+t)(k−t−1)
<
qt+4 − 1
q − 1
2q(n−k)(k−t−2) +
(qk−t+1 − 1)2
(q − 1)2
2q(n−k)(k−t−2) +
qk−t − 1
q − 1
2q(n−k)(k−t−1)
⇒ (qk−t+1 − 1)
(
1 +
1
q
)
< 2
qt+4 − 1
qn−k
+ 2
(qk−t+1 − 1)2
qn−k(q − 1)
+ 2(qk−t − 1)
⇒
(
qk−t+1 − 2
qt+4 − 1
qn−k
− 2qk−t
)
+
(
qk−t + 1−
1
q
− 2
(qk−t+1 − 1)2
qn−k(q − 1)
)
< 0
For n > 2k + t+ 2, q ≥ 3 both terms in the left hand side of the last inequality are non negative,
which gives a contradiction.
Lemma A.18. Suppose that n > 2k + t+ 2, k > 2t+ 1 and q ≥ 3. Then we have that
θk +
k−t−2∑
j=0
[
k − t+ 1
j + 1
]
q(k−t−j)(k−t−j−1)
[
n− k − 1
k − t− j − 1
]
> q2θt−1
[
n− t− 1
k − t− 1
]
+ θ2k−t
[
n− t− 2
k − t− 2
]
+ θk−t−1
[
n− t− 1
k − t− 1
]
Proof. Suppose to the contrary that the inequality in the statement of the lemma doesn’t hold.
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Then we have from the previous observation that
θk +
k−t−2∑
j=0
[
k − t+ 1
j + 1
]
q(k−t−j)(k−t−j−1)
[
n− k − 1
k − t− j − 1
]
≤ q2θt−1
[
n− t− 1
k − t− 1
]
+ θ2k−t
[
n− t− 2
k − t− 2
]
+ θk−t−1
[
n− t− 1
k − t− 1
]
j=0
==⇒ θk + θk−tq
(k−t)(k−t−1)
[
n− k − 1
k − t− 1
]
< q2θt−1
[
n− t− 1
k − t− 1
]
+ θ2k−t
[
n− t− 2
k − t− 2
]
+ θk−t−1
[
n− t− 1
k − t− 1
]
L.A.1
====⇒
qk−t+1 − 1
q − 1
q(k−t)(k−t−1)
(
1 +
1
q
)
q(n−2k+t)(k−t−1)
<
qt − 1
q − 1
2q(n−k)(k−t−1)+2 +
(qk−t+1 − 1)2
(q − 1)2
2q(n−k)(k−t−2) +
qk−t − 1
q − 1
2q(n−k)(k−t−1)
=⇒ (qk−t+1 − 1)
(
1 +
1
q
)
< 2(qt+2 − q2) + 2
(qk−t+1 − 1)2
qn−k(q − 1)
+ 2(qk−t − 1)
⇒
(
qk−t+1 − 2qt+2 − 2qk−t
)
+
(
qk−t + 1 + 2q2 −
1
q
− 2
(qk−t+1 − 1)2
qn−k(q − 1)
)
< 0
For k > 2t+ 2, q ≥ 3 and n > 2k+ t+ 2 both terms in the left hand side of the last inequality are
non negative, which gives a contradiction. For k = 2t + 2 we have that n > 2k + t + 2 = 5t + 6,
and so
(
qt+3 − 3qt+2
)
+
(
2q2 + 1−
1
q
− 2
(qt+3 − 1)2
qn−2t−2(q − 1)
)
< 0
n≥5t+7
=====⇒
(
qt+3 − 3qt+2
)
+
(
2q2 + 1−
1
q
− 2
(qt+3 − 1)2
q3t+5(q − 1)
)
< 0,
which also gives a contradiction for q ≥ 3.
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